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Summary 
●Introduction and Motivation 

   Explore the (AdS/CFT) relation between Wilson  
 loops and minimal area surfaces in AdS. [In this talk 
 we concentrate on the string side].     

● Minimal area surfaces in hyperbolic space (EAdS3) 

     Examples: Surfaces ending on a circle,  
        and other analytical solutions. 
     Integrability: vanishing of charges as defining  
        property.     
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● Linear systems 

  Free field theory (Laplace equation in a disk). 
    Vanishing of charges as equivalent to dispersion    
    relation or Green functions method. 

  Minimal area surfaces in flat space.  
    Plateau problem and Douglas functional. 

● Non-linear systems 

  Area in terms of boundary conditions.  
  Vanishing of charges: an equivalent problem. 

● Conclusions 3 



λ small → gauge th. 

Gauge theory String theory 

λ large → string th. 

     N=4 SYM                     Strings in  
                                           AdS5xS5 

S5 :  X1
2+X2

2+…+X6
2 = 1 

AdS5:  Y1
2+Y2

2+…-Y5
2-Y6
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AdS  metric in Poincare coordinates  

Hyperbolic space 

2d: Lobachevsky plane, Poincare plane/disk 
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Wilson loops: associated with a closed curve in space. 
Basic operators in gauge theories. E.g. qq potential. 

Simplest example: single, flat, smooth, space-like curve 
(with constant scalar).  
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String theory: Wilson loops are computed by finding a  
minimal area surface (Maldacena, Rey, Yee) 

Circle: 

circular 
(~ Lobachevsky plane)  
Berenstein Corrado Fischler Maldacena 
Gross Ooguri, Erickson Semenoff Zarembo 
Drukker Gross,  Pestun 
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Maldacena, Rey Yee  parallel lines          

Drukker Gross Ooguri     cusp 
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Multiple curves: 

                                                          Drukker Fiol 

                                                           concentric circles 

Lens shaped:  
closed with cusps 
Drukker Giombi Ricci Trancanelli 



Infinite parameter family of solutions: 
Ishizeki, Ziama, M.K.  
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EAdS3 Poincare coordinates 



Also Euclidean surfaces in Minkowski signature: 
(w/ A. Irrgang)  

11 AdS3 global coordinates 



And concentric curves (w/ S. Ziama) 
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EAdS3 Poincare coordinates 



Many interesting and important results for Wilson 
loops with non-constant scalar and also lots of 
recent activity related to light-like cusps and their 
relation to scattering amplitudes.  

Other cases 
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Relation to Willmore surfaces: Babich, Bobenko 
Motivation: Willmore tori in flat space 

Surface:                                    R1,2 max. and min. R 

Gauss curvature: 
Mean curvature: 
Umbilical point:   
Willmore  
functional: 
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What do we want to find? 

Map                              from unit circle to EAdS3 (H3). 
Minimizes area and has as boundary condition: 

Z 

X1 X2 Z=0 
X=X(s) 

|z|=1 



Minimal Area surfaces in EAdS3 

Equations of motion 
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The area follows from: 

Global symmetry: 

Equivalent to the boundary symmetry 
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Method of solution: Pohlmeyer reduction 

Solve 
And plug into  

Then solve the linear problem: 
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Integrability 
There are an infinite number of conserved charges. 
How can we use them? 

|z|=1 

Initial value problem 
Boundary condition problem 
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 0W
!C 0                       The Wilson loop operator creates a multi- 

particle state/ boundary string state, we compute overlap 
with vacuum, zero charge component. 

   No radiation to infinity               String disappears.  
                                                     No strings falling into  
                                                     the horizon    



Free field theory 

To compute the minimal action for prescribed values of 
the field at the boundary of the disk we need to solve the 
Laplace equation for the given boundary condition and 
replace in the action.  

|z|=1 
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Doing an integral by parts we find 

So we only need the normal derivative at the boundary 
which is given by a dispersion relation 

and then                    
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Instead of the dispersion relation we can use the 
vanishing of an infinite set of charges. What charges? 

qn =0 is equivalent to smoothness of the solution at r=0. 
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Summary of free field: 

 We have shown that the vanishing of an infinite number  
of charges allows to compute the normal derivative given  
the value of the function and thus is equivalent to a  
dispersion relation of Green function relation. 

 Given both, the value of the function and the normal  
derivative we converted the boundary problem into an 
initial value problem and have simple formulas for the  
action and reconstruction of the field.   

24 



Minimal Area surfaces in flat space 

In conformal gauge: 

|z|=1 
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 Using what we did before we immediately compute the  
area as (Douglas functional) 

However, we do not actually know         , namely we did 
not yet found the conformal coordinates. 

It turns out that the correct           is the one that 
minimizes the functional                .  Why? 

Finding          is equivalent to impose the conformal 
constraint 
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Since it is holomorphic we only need 

Using the previous result for                          we obtain 

Extremizing                w/ respect to          gives 

Namely, the conformal gauge condition (J. Douglas). 
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Summary of minimal surfaces in flat space: 

 Assume the reparameterization         is known giving the  
boundary condition           . Use dispersion relation (or  
conserved charges) to find the other boundary condition  
and compute the area. 

 Find a way to determine the reparameterization         ,  
in this case minimum of a functional.  
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Minimal Area surfaces in EAdS3 (H3) 

 Can we do something similar? Consider first that we 
know the parameterization        , namely we have         .  
What are the boundary conditions? 

|z|=1 
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Boundary conditions in terms of boundary data         . 
However, because of global conformal invariance there 
are many equivalent boundary data related by 

Use Schwarzian derivative!  

And indeed, the Schwarzian derivative gives the 
boundary data for        and      .   
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Derivation 

The linear problem                     for the flat current j can 
be written in the angular direction as 
 Taking the limit            and redefining                    we 
obtain 

With 

Reconstructing the boundary shape involves finding two 
l.i. solutions and computing the ratio: 

( Notice           is anti-periodic.)   χ θ( )
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Computation of the Area (assumption, f no zeros) 

The area is given by 

From the cosh-Gordon eq. it follows that 
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Then: 

Replacing the limiting behavior we get 
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In the Minkowski case 



35 In the case where f(z) has zeros (umbilical points) 

a1 

b1 

c 

d 

A 

AMSV 



Finding q(s) 

 The correct parameterization is such that the surface is 
smooth, namely the solutions to the linear problem can 
be continued to the interior of the disk. This can only 
happen if the solutions to the linear problem are (anti)-
periodic at the boundary (equivalently all conserved 
charges vanish. i.e. zero holonomy). Rewriting the 
equation in terms of s: 

We find that the potential is: 
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 where V0(s), V1(s),V2(s) are real functions such that 

So, V0(s) and V1(s) are known but for V2(s) we need q(s). 

Alternatively, requiring that the solutions must be (anti)-
periodic for all l allows, in principle, to compute V2(s) 
given V0(s) and V1(s). Not an easy problem, but it is 
equivalent to finding the area.  
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Particular case: near circular Wilson loops 

Near circular Wilson loops were studied initially by 
Semenoff and Young and subsequently by many authors 
(Drukker; Correa, Henn, Maldacena, Sever; Cagnazzo). 

Here we used them to illustrate some of the ideas we 
discussed. However, recently, Amit Dekel used these 
techniques to extend the expansion to very high order.  
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The shape is given by:  

The zero order solution is such that 

At first order only f is corrected. If we find f then we can 
compute the area from  
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First we compute the Schwarzian derivative 

Thus 

We need to find the analytic function f(z) 
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Let’s expand the perturbation in Fourier components 

And define the analytic function 

namely 

then 41 



Once the function f is known the area follows simply 
from: 

We get 

These ideas were much improved by A. Dekel who 
found the expansion to high order (e.g. order 18 for 
particular cases) and used it to reproduce known 
numerical results.  
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New solutions(                    )  w/ C. Huang and Yifei He 

 We propose a periodic potential 

such that all the solutions of the corresponding 
Schroedinger equation are anti-periodic. Indeed,  
setting                 , changing l only shifts s preserving 
the periodicity. Moreover, the change of variables  

reduces the Schroedinger equation to the Mathieu 
equation:  
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with 

We can find Floquet solutions 

We need                        that happens for a discrete set 

of eigenvalues                            , namely  



45 

The shape of the contour is given by the ratio of two 
linearly independent solutions 

And the area by (using the same reasoning than before)  
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Example: 

                n=2 

            Analytical                               Numerical 

A = -6.660397 
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New solutions (                    )  Minkowski case      

For n=0 it is the solution proposed by J. Toledo 
For             it is a regular polygon (Alday-Maldacena).  f0 →∞
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Example: 

n=2 n=4 
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For  f0=0  it is a circle. The Mathieu equation reduces to 
the free particle equation (q=0). When f0 is small then q 
is small and one can use perturbation theory to compute 
the eigenvalues and from there the area. Alternatively 
one can use Dekel’s procedure. The results agree.   



Conclusions 
 In flat space the minimal area problem becomes linear if 
we assume that the unknown reparameterization q(s) is 
known. Finding q(s) is a non-linear problem equivalent to 
minimizing the Douglas functional. 

 In EAdS3 the problem can be reduced to a non-linear 
integrable system. The condition that the surface is 
smooth is equivalent to the statement that an infinite 
number of conserved charges vanish. Such condition 
reduces the problem to an interesting problem involving 
(anti)-periodic solutions of a periodic potential. The area 
follows by a simple formula.  
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Future work 

 Relation to Y-sytem approach (J. Toledo). 

 Extend to higher dimensional spaces (AdSn). 
   General integrable system 

 Compute quantum corrections. 

 We need to explore the field theory side.   
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