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as for motivation..
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The problem of MISSING QUASILOCAL CONSERVED CHARGE(s)

Generalized Gibbs ensemble ρGGE = exp(−∑∞j=1 βjQj ) for the steady state
after a quantum quench of XXZ Hamiltonian gives incorrect results!

H =

n−1∑
x=1

(2σ+
x σ
−
x+1 + 2σ−x σ

+
x+1 + ∆σz

xσ
z
x+1)

B. Wouters et al., Phys. Rev. Lett. 113, 117202 (2014); M. Brockmann et al., J. Stat. Mech. P12009 (2014):
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FIG. 2. Correlator h�z
1�

z
2i evaluated on the quench action

steady state (solid lines) and on the GGE (dashed lines). The
energy sum rule 2h�x

1�
x
2 i+�h�z

1�
z
2i = �� explains the exact

value of �1/3 at the isotropic point � = 1. Numerical errors
are 10�5 or smaller. Both sets of data are in agreement with
the finite-size computations of Ref. [19], within the numerical
precision of the latter. Inset: Relative di↵erence between the
GGE prediction and the quench action saddle-point result,
�h�z

1�
z
2i = (h�z

1�
z
2iGGE � h�z

1�
z
2isp) / |h�z

1�
z
2isp|.

state [69] fix ⇢1,h unambiguously [52],

⇢Néel
1,h (�) =

⇡2a3
1(�) sin2(2�)

⇡2a2
1(�) sin2(2�) + cosh2(⌘)

, (16)

where a1 was defined right after Eq. (6). This makes
the input from the chemical potentials redundant. The
densities ⇢GGE for the GGE can be found by solving the
GTBA Eqs. (13) for n � 2 [dn(�) = 0] and the Bethe
Eqs. (9) with the constraint ⇢GGE

1,h = ⇢Néel
1,h .

Discussion of results. Numerical and analytical anal-
ysis show exact agreement between ⇢1,h predicted by the
quench action approach and ⇢Néel

1,h in Eq. (16) [52]. The
expectation values of all local conserved charges Qn are,
thus, reproduced exactly. We stress that this nontrivial
agreement constitutes strong evidence for the correctness
of the quench action prediction of the steady state.

Furthermore, the distributions of the GGE can be com-
pared with the steady-state distributions provided by the
quench action approach, see Fig. 1. The densities ⇢n for
the GGE and the quench action are clearly di↵erent, the
discrepancies becoming more pronounced as one reduces
the anisotropy towards the gapless point � = 1. We em-
phasize that all our results are obtained in the thermody-
namic limit: these di↵erences are not finite-size e↵ects.

We verified the existence of these discrepancies by an-
alytically solving the GTBA equations of the two ensem-
bles in a large-� expansion. The di↵erences between the
distributions are of order ��2, e.g., for 1- and 2-strings
(for other strings and higher orders, see Ref. [52])

⇢GGE
1 (�) � ⇢sp

1 (�) =
1

4⇡�2
+ O(��3) , (17a)

⇢GGE
2 (�) � ⇢sp

2 (�) =
1 � 3 sin2(�)

3⇡�2
+ O(��3) . (17b)
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FIG. 3. (color online) (a) The same as Fig. 2 for h�z
1�

z
3i. (b)

Comparison between the quench action, the GGE prediction,
and the NLCE result close to the isotropic point. Error bars in
the NLCE data display an interval of confidence that includes
all resummation results (except for �=1.015) [58].

Given steady-state distributions, one can compute
physical observables [Eq. (11)]. Nonvanishing di↵erences
between distributions will generally be reflected in those
expectation values, even in simple ones such as few-point
spin-spin correlation functions. We have implemented
an adapted version of the Hellmann-Feynman theorem
to compute the expectation value h�z

1�
z
2i from the dis-

tributions ⇢ [58, 70]. The nearest-neighbor two-point
correlator is predicted di↵erently by the quench action
steady state and the GGE (see Fig. 2). The NLCE re-
sults (not shown) are consistent with those predictions
but cannot resolve their di↵erence since it is too small
(. 2%, as shown in the inset in Fig. 2). It should be
noted that the magnitude of di↵erences between distri-
butions in Eqs. (17) does not directly translate into a
similar di↵erence for physical observables. Expanding for
large anisotropy, we obtain a discrepancy of order ��6,

h�z
1�

z
2iGGE � h�z

1�
z
2isp =

9

16�6
+ O(��7) . (18)

We also calculate the next-nearest-neighbor correlator
h�z

1�
z
3i by means of the method of Ref. [70], see Fig. 3.

In the inset in Fig. 3(a) one can see that, as � ! 1, the
di↵erences between the predictions of the quench action
approach and the GGE become of the order of 10%. Fig-
ure 3(b) provides a closer look of h�z

1�
z
3i in that regime.

There, we also report our NLCE results [58]. The lat-
ter are consistent with the quench action predictions and
inconsistent with the GGE results. Hence, our NLCE cal-
culations support the correctness of the QA approach for
describing observables after relaxation and the inability
of the GGE constructed here to do so.

Conclusions. We used the quench action method to
obtain an exact description of the steady state following
a quench from the ground state of the Ising model to an
XXZ spin-1/2 chain with anisotropy � � 1. We were

B. Pozsgay et al., Phys. Rev. Lett. 113, 117203 (2014); M. Mestyan et al., J. Stat. Mech. P04001 (2015):
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FIG. 1: Numerical simulation of the time evolution of correlation functions (a) h�z
1�

z
2i, (b) h�z

1�
z
3i, (c) h�z

1�
z
4i

starting from the dimer initial state (4) for anisotropy � = 4 as obtained by ITEBD (red lines). In the shaded
region the results are not reliable. The horizontal lines show the GGE prediction [1] (blue dotted lines) and the

prediction of the overlap TBA of the quench-action approach (black dashed lines).

controlled fashion by realizing the XXZ chain in systems
of cold atoms in optical lattices [48–52].

As initial states, we consider the translationally invari-
ant projection of the Néel state

| N
0 i =

1 + T̂p
2

|"#" . . .i =
1p
2

�
|"#" . . .i+|#"# . . .i

�
, (3)

which is a ground state in the � ! 1 limit, and the
similarly symmetrized dimer product state

| D
0 i =

1 + T̂p
2

����
("# � #")p

2

("# � #")p
2

. . .

�
, (4)

which is one of the ground states of the Majumdar-Ghosh
Hamiltonian [53]. Here, T̂ is the one site translation op-
erator on the lattice. It is expected that ground states of
local Hamiltonians always relax to a steady state.

Failure of the GGE description of the steady state
correlations.— To demonstrate that the GGE cannot
give an appropriate description of the steady state, we
compare its predictions for correlation functions with the
results of real-time out-of-equilibrium numerical simu-
lations, performed using the infinite size time evolving
block decimation (ITEBD) algorithm [54, 55]. In the sim-
ulations, translational invariance of the initial states in
Eqs. (3) and (4) was implemented by averaging over the
two components of the states [56]. The time evolution of
three di↵erent correlators is shown in Fig. 1 for a quench
starting from the dimer state for � = 4 (red lines). The
correlation functions quickly converge to stationary val-
ues before the simulations break down for large times
(shaded regions) [57].

Strikingly, the exact GGE values of Ref. [1] (blue dot-
ted lines in Fig. 1) deviate significantly from the ITEBD
results. We report similar deviations for all � > 1 in
Fig. 2, where we display the long-time asymptotic val-
ues extracted from the ITEBD simulation (red circles)
together with the GGE predictions (squares) for h�z

1�
z
2i

and h�z
1�

z
3i, as functions of �. We included truncated

GGE (TGGE) results [2, 36] as well, obtained by keep-
ing the first six nonzero charges in the density matrix
(1). The discrepancy between the GGE and the ITEBD
results is evident (for additional numerical data, see the
Supplemental Material [58]).

The mismatch between real-time simulations and GGE
results could be, in principle, the result of long relaxation
times beyond the reach of the ITEBD simulations. We
rule out this possibility by applying an alternative theo-
retical method, the overlap thermodynamic Bethe ansatz
(OTBA) which implements the quench-action approach
[34, 41] (see below), and predicts exactly the asymptotic
values of the correlations. These values, shown as black
dashed lines in Fig. 1 and black stars in Fig. 2, are clearly
in excellent agreement with our ITEBD results. The state
predicted by the OTBA is a steady state of maximal
conditional entropy. Therefore, the excellent agreement
proves that the ITEBD simulation has reached the true
asymptotic steady state, and, thus makes the evidence
for the breakdown of the GGE conclusive. Moreover,
it also demonstrates that the quench-action-approach-
based OTBA indeed correctly captures the steady state
of the XXZ model.

The TGGE predictions evaluated in Ref. [2] and the
OTBA results are also di↵erent in the Néel case, but for
large �, where the TGGE is reliable, this di↵erence is
beyond our numerical resolution (Supplemental Material
[58]). We obtained similar results for x-x correlators for
both initial states, although for the latter ITEBD is not
as accurate as for the z-z correlators (cf. Ref. [59]).

We remark that translational invariance would be bro-
ken for the dimer state without the symmetrization un-
der T̂ in Eqs. (3) and (4), and it is yet an open ques-
tion whether it is restored in the long-time limit after
the quench [1, 27]. Nevertheless, the GGE was expected
to describe the average over the two components of the
states (3) and (4), and yet it fails to do so. Note that for
the observable h�z

1�
z
3i translational averaging is immate-
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Resolution of the puzzle: new quasilocal charges in action

New quasilocal conserved charges [E. Ilievski, M. Medenjak, TP,
arXiv:1506.05049] close the gap between GGE and QA:

E. Ilievski, J. De Nardis, B. Wouters, J.-S. Caux, F. H. L. Essler, TP, arXiv:1507.02993

4

provides a correct description of the stationary behaviour
after a general quench to the spin-1/2 XXZ chain (in
the regime � � 1). In order to prove this it su�ces to
establish that the initial values of our conserved charges
uniquely specify a macrostate.

Let us now derive the main result of our Letter. Anal-
ogously to what was found in [21, 32] for the ultra-local
charges, the values of the quasi-local charges associated
with a spin-s transfer matrix are in 1-to-1 correspondence
with ⇢ 0

2s,h(�). The entire set {⇢ 0

2s,h} in turn specifies (see
SM) a unique macrostate (namely the GGE saddle-point
state).

Our starting point is the following expression for
the spectrum of eXs(t), valid for large system size (cf.
Eq. (19))

eXs(�) = �i@� log
Q(�s⌘ + i�)

Q(s⌘ + i�)
+ o(N) (23)

=

MX

k=1

2 sinh (⌘)

cos(2(�k + �)) � cosh(2s⌘)
+ o(N).

Starting from Eq. (23), working in the thermodynamic
limit under the string hypothesis and making use of Bethe
equations, one arrives at (see SM)

⇢ 0

2s,h(�) = a2s(�) +
1

2⇡

⇥
⌦ 0

s (� + i⌘
2 ) + ⌦ 0

s (�� i⌘
2 )
⇤
,

(24)
where s = 1

2 , 1, 3
2 , . . .. The right-hand side of (24) is

determined by the expectation values of the quasi-local
charges on the initial state,

⌦ 0
s (�) = limth

h 0| eXs(�)| 0i
N

. (25)

This is a generalization of Eq. (10) to arbitrary spin.
Note the remarkable fact that this correspondence is valid
for a generic initial state | 0i. As a consequence, the

family of quasi-local charges { eXs}1s=1/2 completely deter-
mines the postquench stationary state through the GGE
and makes the latter’s predictions identical to those com-
ing from the QA.

Néel quench. An explicit example of our construction
if provided by the quench from the Néel state

| 0i =
1p
2

(|"#"# . . .i + |#"#" . . .i) . (26)

Here the root distributions characterizing the stationary
state have been previously determined by a QA calcu-
lation [21, 32]. In order to demonstrate that our GGE
recovers these known results we need to compute the gen-
erating functions (25). Here we can repeat the logical
steps from the calculation for s = 1/2 in [18] by studying
the spectrum of associated auxiliary transfer matrices.
This calculation can be found in the SM. Substituting
the results obtained in this way into (24) gives perfect
agreement with the known QA results.
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FIG. 1. Comparison of methods: QA method versus improved
GGE predictions. Colored lines pertain to the refined GGE
calculation with systematic addition of higher-spin families of

quasi-local charges {H
(n)
s } for the local correlation function

h�z
1�

z
3i in the regime � & 1 (left panel). Labels in GGEs

indicate the maximal auxiliary spin s for the charge families

{H
(n)
s } being included in the GGE computation. The right

panel displays the relative di↵erences �h�z
1�z

3 i = (h�z
1�

z
3iQA �

h�z
1�

z
3iGGEs)/h�z

1�
z
3iQA in logarithmic scale.

Towards a truncated GGE. In [10] it was argued that
for the purpose of describing finite subsystems in the
thermodynamic limit ultra-local GGEs can be truncated
by retaining only a finite number of the “most local” con-
served charges. An obvious question is whether a similar
logic can be applied to out quasi-local GGE. As a first
step towards understanding this issue, we have calculated
the next-nearest spin correlation function in steady state
after a Néel-to-XXZ quench for several GGEs truncated
in the s direction. In Fig. 1 we show the results of these
calculations for � ⇡ 1. The data clearly shows that
adding subsequent families of quasi-local charges results
in a rapid convergence of the corresponding truncated
GGE result to the exact value.

Conclusions. We have shown how to construct an ex-
act GGE describing the stationary state after generic
quantum quenches to the spin-1/2 Heisenberg XXZ
chain. Our GGE is built from an extended set of lo-
cal and quasi-local charges. We have shown that our
construction resolves previously observed discrepancies
between predictions for steady state expectation values
by an exact QA treatment on the one hand, and a GGE
restricted to ultra-local charges obtained from the trans-
fer matrix of the spin-1/2 chain on the other hand. Our
results provide unambiguous proof that the recently dis-
covered quasi-local charges have a non-negligible impact
on the relaxation processes of strongly-interacting many-
body quantum systems in one dimension.
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Conserved charges and bounds on (generalized) Drude weights

DA = lim
t→∞

lim
n→∞

β

nτ

∫ τ

0
dt〈A(t)A(0)〉β
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Conserved charges and bounds on (generalized) Drude weights

DA = lim
t→∞

lim
n→∞

β

nτ

∫ τ

0
dt〈A(t)A(0)〉β

DA = (A, Ā) = (Ā, Ā), Ā = lim
τ→∞

1
τ

∫ τ

0
dteiHtAe−iHt , (A,B) = 〈A†B〉β .
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Conserved charges and bounds on (generalized) Drude weights

DA = lim
t→∞

lim
n→∞

β

nτ

∫ τ

0
dt〈A(t)A(0)〉β

DA = (A, Ā) = (Ā, Ā), Ā = lim
τ→∞

1
τ

∫ τ

0
dteiHtAe−iHt , (A,B) = 〈A†B〉β .

E.g., spin Drude weight for A = J spin current: κ′(ω) = 2πDJδ(ω) + κreg(ω).
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Conserved charges and bounds on (generalized) Drude weights

DA = lim
t→∞

lim
n→∞

β

nτ

∫ τ

0
dt〈A(t)A(0)〉β

DA = (A, Ā) = (Ā, Ā), Ā = lim
τ→∞

1
τ

∫ τ

0
dteiHtAe−iHt , (A,B) = 〈A†B〉β .

E.g., spin Drude weight for A = J spin current: κ′(ω) = 2πDJδ(ω) + κreg(ω).

For integrable systems, Zotos et. al (1997) suggested to use Mazur/Suzuki
(1969/1971) bound, estimating Drude weight in terms of local (or quasi-local!)
conserved operators Qj , [H,Qj ] = 0:

DA ≥ lim
n→∞

β

2n

∑
m

|(A,Qm)|2
(Qm,Qm)

where operators Qm are chosen mutually orthogonal (Qm,Qk) = 0 for m 6= k.
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Locality and quasilocality

Local conserved charges of a (periodic) chain on n sites are translationally
invariant sums of local operators qk supported on k sites

Qk =
n−1∑
x=0

Ŝx(qk ⊗ 12n−k ).
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Locality and quasilocality

Local conserved charges of a (periodic) chain on n sites are translationally
invariant sums of local operators qk supported on k sites

Qk =
n−1∑
x=0

Ŝx(qk ⊗ 12n−k ).

Local operators Q – considered as series of operators for increasing size n –
obey the following properties:

1 The Hilbert-Schmidt norm is linearly extensive

‖Q‖2HS = (Q,Q) ∝ n.

2 For any locally supported a = ak ⊗ 12n−k , (a,Q) is independent of n.
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Locality and quasilocality

Local conserved charges of a (periodic) chain on n sites are translationally
invariant sums of local operators qk supported on k sites

Qk =
n−1∑
x=0

Ŝx(qk ⊗ 12n−k ).

Local operators Q – considered as series of operators for increasing size n –
obey the following properties:

1 The Hilbert-Schmidt norm is linearly extensive

‖Q‖2HS = (Q,Q) ∝ n.

2 For any locally supported a = ak ⊗ 12n−k , (a,Q) is independent of n.

Definition (quasilocality)

A non-local translationally invariant operator Q, Q = Ŝ(Q) (again, considered
as a series w.r.t. a sequence of sizes n) is quasi-local if it satisfies (1) and (2).
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Locality and quasilocality

Local conserved charges of a (periodic) chain on n sites are translationally
invariant sums of local operators qk supported on k sites

Qk =
n−1∑
x=0

Ŝx(qk ⊗ 12n−k ).

Local operators Q – considered as series of operators for increasing size n –
obey the following properties:

1 The Hilbert-Schmidt norm is linearly extensive

‖Q‖2HS = (Q,Q) ∝ n.

2 For any locally supported a = ak ⊗ 12n−k , (a,Q) is independent of n.

Definition (quasilocality)

A non-local translationally invariant operator Q, Q = Ŝ(Q) (again, considered
as a series w.r.t. a sequence of sizes n) is quasi-local if it satisfies (1) and (2).

The effect of quasilocal conserved operators to statistical mechanics is arguably
as important as that of local operators.
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Numerical search for a complete set of quasilocal charges
M. Mierzejewski, P. Prelovšek, T. P, Phys. Rev. Lett. 114, 140601 (2015)
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Numerical search for a complete set of quasilocal charges
M. Mierzejewski, P. Prelovšek, T. P, Phys. Rev. Lett. 114, 140601 (2015)

Observation: If A general local translationally invariant operator, then Ā is
quasilocal and conserved.
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Numerical search for a complete set of quasilocal charges
M. Mierzejewski, P. Prelovšek, T. P, Phys. Rev. Lett. 114, 140601 (2015)

Observation: If A general local translationally invariant operator, then Ā is
quasilocal and conserved.
Follows from the fact that A→ Ā is a contraction (Ā, Ā) ≤ (A,A).
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Numerical search for a complete set of quasilocal charges
M. Mierzejewski, P. Prelovšek, T. P, Phys. Rev. Lett. 114, 140601 (2015)

Observation: If A general local translationally invariant operator, then Ā is
quasilocal and conserved.
Follows from the fact that A→ Ā is a contraction (Ā, Ā) ≤ (A,A).

Take a maximal support M and consider all NM ∼ 4M local TI operators
Os =

∑
x Ŝx(σs1

1 . . . σ
sM
M ), and define a time averaging matrix

Ks,s′ = (Ōs |Ōs′) = (Os |Ōs′).
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Numerical search for a complete set of quasilocal charges
M. Mierzejewski, P. Prelovšek, T. P, Phys. Rev. Lett. 114, 140601 (2015)

Observation: If A general local translationally invariant operator, then Ā is
quasilocal and conserved.
Follows from the fact that A→ Ā is a contraction (Ā, Ā) ≤ (A,A).

Take a maximal support M and consider all NM ∼ 4M local TI operators
Os =

∑
x Ŝx(σs1

1 . . . σ
sM
M ), and define a time averaging matrix

Ks,s′ = (Ōs |Ōs′) = (Os |Ōs′).

An effective rank of the matrix K gives an effective number of independent
quasi-local conserved quantities.

More precisely: eigenvectors of eigenvalue 1 correspond to local conserved
charges, and dominating subunital eigenvalues λl < 1 correspond to principal
quasilocal conserved charges.
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THE RESULTS (here L ≡ n):

The size (1/L) scaling of leading
eigenvalues λn of matrix K with
M = 6, corresponding to symmet-
ric (red) or antisymmetric (blue)
eigenoperators with respect to time
reversal. Left/right column shows
even/odd parity sectors, while rows
indicate different regimes of in-
tegrabke (upper three rows) and
non-integrable (lower row) with pa-
rameters indicated in the panel.
Dashed lines indicate 1/L extrap-
olation to TL which in some cases
provide clear indication of existence
of QLCQ λn|L→∞ > 0, beyond the
local eigenoperators with λn = 1.
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Dependence of leading eigenvalues λn of K for even parity, symmetric time reversal
(E-R) sector if eigenoperators in isotropic HM ∆ = 1. Different panels indicate
decreasing support sizes M = 6, 5, 4, 3, while decreasing sizes of points and colors
indicate the system size L = 20 (orange), 18 (red), 16 (green), 14 (cyan), 12 (blue),
10 (black). The extrapolated L → ∞ values are indicated with crosses when in the
range of the plot.
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Integrability breaking...

[work in progress /w M. Mierzejewski and P. Prelovšek]

H =
n−1∑
x=1

(2σ+
x σ
−
x+1 + 2σ−x σ

+
x+1 + ∆σz

xσ
z
x+1 + ∆2σ

z
xσ

z
x+2)

Almost conserved operator/finite time average: Āτ = 1
τ

∫ τ
0 dtA(t)
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Integrability breaking...

[work in progress /w M. Mierzejewski and P. Prelovšek]

H =
n−1∑
x=1

(2σ+
x σ
−
x+1 + 2σ−x σ

+
x+1 + ∆σz

xσ
z
x+1 + ∆2σ

z
xσ

z
x+2)

Almost conserved operator/finite time average: Āτ = 1
τ

∫ τ
0 dtA(t)

    

 

Finite time averaging for nearly
integrable systems
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Dependence on Lowest order 

perturbation 
should hold 
for weak 
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But sometimes, integrability breaking does not seem to provide (observable)
thermalization!?
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Time Evolution of a Quantum Many-Body System: Transition from Integrability
to Ergodicity in the Thermodynamic Limit

Tomaž Prosen
Physics Department, Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, 1111 Ljubljana, Slovenia
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A simple question is addressed here: “Do intermedi-
ate quantum many-body systems, which are neither in-
tegrable nor ergodic, exist in the thermodynamic limit”?
While it is clear that integrable systems are rather excep-
tional, it is an important open question whether a finite
generic perturbation of an integrable system becomes er-
godic or not in the thermodynamic limit (TL), size ! `
and fixed density. It is known that local statistical prop-
erties of quantum systems with few degrees of freedom
whose classical limit is completely chaotic/ergodic, are
universally described by random matrix theory (RMT);
while in the other extreme case of integrable systems,
Poissonian statistics may typically be applied [1,2] (with
some notable nongeneric exceptions such as finite dimen-
sional harmonic oscillator). This statement has also been
recently verified numerically for integrable and strongly
nonintegrable many-body systems of interacting fermions
[3] which do not have a classical limit.
Having lost the reference to classical dynamics, we re-

sort to the definition of quantum ergodicity (also termed
quantum mixing) [4] as the decay of time correlations
kAstdBs0dl 2 kAl kBl of any pair of quantum observables
A and B in TL, taking the time limit t ! ` in the end.
In [4] a many-body system of interacting bosons has been
studied, and it has been shown that quantum ergodic-
ity corresponds to strongly chaotic (ergodic) dynamics of
associated nonlinear mean-field equations. As a conse-
quence of linear response theory, quantum ergodicity also
implies normal transport and finite transport coefficients
(such as dc electrical conductivity). On the other hand,
integrable systems, which are solvable by Bethe ansatz
or quantum inverse scattering, are characterized by (infin-
itely many) conservation laws and are thus nonergodic. It
has been pointed out recently [5] that integrability implies
nonvanishing stiffness, i.e., ideal conductance with infi-
nite transport coefficients (or ideal insulating state). As
we argue below, any deviation from quantum ergodicity
generically implies nonvanishing long-time current auto-
correlation and therefore an infinite transport coefficient.
Since generic nonintegrable systems of finite size (num-
ber of degrees of freedom) are nonergodic (obeying mixed

statistics smoothly interpolating from Poisson to RMT), it
is thus important to question if and when such nonergod-
icity can survive TL.
In this Letter we introduce a family of simple many-

body systems smoothly interpolating between integrable
and ergodic regimes, namely, kicked t-V model (KtV)
of spinless fermions with periodically switched nearest-
neighbor interaction on a 1D lattice of size L and peri-
odic boundary conditions L ; 0, with a time-dependent
Hamiltonian,

Hstd ≠
L21X

j≠0
f2 1

2 tscy
j cj11 1 H.c.d 1 dpstdVnjnj11g ,

(1)
and give numerical evidence for the existence of an inter-
mediate nonergodic regime in TL by direct simulation of
the time evolution. cy

j , cj , nj are fermionic creation, anni-
hilation, and number operators, respectively, and dpstd ≠P`

m≠2` dst 2 md. Deviations from quantum ergodicity
(or mixing) are characterized by several different quanti-
ties as described below.
The KtV model (1) is a many-body analog of popular

1D nonintegrable kicked systems [2] such as, e.g., kicked
rotor: Its evolution (Floquet) operator over one period,
U ≠ T̂ expf2i

R11

01 dtHstdg sh̄ ≠ 1d, factorizes into the
product of a kinetic and potential part,

U ≠ exp
√

2iV
L21X

j≠0
njnj11

!

3 exp
√

it
L21X

k≠0
cosssk 1 fdñk

!
, (2)

where s ≠ 2pyL. The flux parameter f is used in order
to introduce a current operator J ≠ siytdUy≠fUjf≠0 ≠PL21

k≠0 sinsskdñk , elsewhere we put f :≠ 0. The tilde de-
notes the operators which refer to momentum variable
k, c̃k ≠ L21y2

PL21
j≠0 expsisjkdcj , ñk ≠ c̃y

k c̃k . The KtV
model is integrable if either t ≠ 0, or V ≠ 0 smod 2pd,
or tV ! 0 and tyV finite (continuous time t-V model
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[6]), while for t , V , 1 it is expected to be noninte-
grable, either quantum ergodic or intermediate. We ex-
pect that unitary many-body quantum maps, such as (2),
also mimic the dynamics of generic autonomous quantum
many-body systems on the energy shell similar to the way
1D quantum maps describe quantum Poincaré sections of
autonomous 2D quantum chaotic systems (e.g., [7]).
The total number of particles N ≠

P
j nj is conserved,

so the map U acts over Hilbert (Fock) space H of di-
mension N ≠ s L

N d. The dynamics of a given initial
many-body state jcs0dl, which is an iteration of the map
jcsmdl ≠ Ujcsm 2 1dl ≠ Umjcs0dl, can be performed
most efficiently by observing that the kinetic part UT is di-
agonal in the momentum basis jkl ≠ c̃y

k1
, . . . , c̃y

kN
j0l, k1 ,

· · · , kN while the potential part UV is diagonal in the
position basis jjl ≠ cy

j1 , . . . , cy
jN j0l, j1 , · · · , jN . The

transformation between the two, F$j $k ≠ k $j j $kl, is an anti-
symmetrized N-dimensional discrete Fourier transforma-
tion (DFT) on L sites which has been efficiently coded
in ,N log2 N floating point operations (FPO) by fac-
torizing L site DFT to the product of O sL log2 Ld two-
site transformations parametrized with 2 3 2 submatrices
sa, b; g, ddjj0 , which are successively applied to creation
operators, scy

j , cy
j0 d ! sacy

j 1 bcy
j0 , gcy

j 1 dcy
j0 d, in all

Slater determinants Pncy
jn
j0l which contain a particle

at sites j or j0. Our algorithm (fermionic fast Fourier
transform) requires almost no extra storage apart from
a vector of N c numbers and works for lattices of
sizes L ≠ 2p , 10, 12, 15, 20, 24, 30, and 40. Therefore, the
map (2) is iterated on a vector c $ksmd ≠ kk jcsmdl, us-
ing the matrix composition U ≠ FpUV FUT in roughly
2N log2 N FPO per time step which is by far superior
to complete diagonalization techniques [O sN 3d FPO],
even for long time scales m ≠ O sN d when quantum dy-
namics becomes quasiperiodic due to discreteness of the
spectrum of U.
We now consider the current time-autocorrelation func-

tion CJ smd ≠ s1yLd kJsmdJs0dl, where Jsmd ≠ UymJUm

and k?l ≠ s1yN dTrs?d is a “microcanonical average.” J
is diagonal in the momentum basis Jj $kl ≠ J$kj $kl, and
kJl ≠ 0. So CJ smd can be evaluated by means of time
evolution of momentum initial states jcs0dl ≠ j $k0l,

CJ smd ≠
1

LN 0
X

$k0

0
J$k0

X

$k

J$kp$k $k0smd , (3)

where p$k $k0smd ≠ jk $k jcsmdlj2 ≠ jk $k jUmj $k0lj2. For
large sizes L, a smaller but uniformly random sample of
N 0 initial states j $k0l, 1 ø N 0 ø N , is used in order
to save computer time. Direct computation of CJsmd for
m # M can be performed in ,s2MN N 0yLd log2 N
FPO since, due to translational symmetry, one can
simultaneously simulate the dynamics of L different
states with different values of the conserved total
momentum K ≠

P
n k0

n smod Ld. Using the eigen-

phases hn and eigenstates jnl of evolution operator
U, Ujnl ≠ e2ihn jnl, n ≠ 1, . . . ,N , one can write the
dissipative dc conductivity of such a kicked system
s :≠

PN
n≠1 s≠fhnd2 ¯ CJ s0d 1 2

PN y2
m≠1 CJ smd. Note

that ≠fhn ≠ knjJjnl.
In Fig. 1 we present numerical computation of cor-

relation function CJsmd for parameters t ≠ V ≠ 1 and
t ≠ V ≠ 4, for various sizes L, but at fixed density r ≠
NyL ≠ 1

4 . Quite generally, CJ smd exhibits fast relaxation
on a time scale Mp which is typically small, Mp , 10,
and roughly independent of L, and afterwards it fluctuates
around the averaged limiting value, the stiffness

DJ ≠ lim
M!`

1
M

MX

m≠1
CJ smd , (4)

where the strength of fluctuations decreases with increas-
ing size L. Note again that TL L ! ` should be taken
prior to the time-limit, limM!`s1yMd

PM
m≠1 s?d which, for

systems of finite size L here and below, is estimated nu-
merically as s1yM 0d

P2M0

m≠M 011 s?d with sufficiently large
but fixed averaging time M 0 . Mp; we take M 0 ≠ 30.
For sufficiently large control parameters the system is
quantum ergodic (case t ≠ V ≠ 4 of Fig. 1), DJ goes
to zero, and s remains finite as L ! ` sN ! `d and
r ≠ NyL fixed, whereas in the other case (t ≠ V ≠ 1
of Fig. 1), DJ remains well above zero as we approach
TL, whereas conductivity s diverges [8]. In Fig. 2 we
have analyzed 1yL scaling of DJ . Again, for large val-
ues of parameters, say t ≠ V ≠ 4, DJ is already practi-
cally zero for L ¯ 20, while for smaller (but not small)
control parameters DJ ¯ D`

J 1 byL, where D`
J . 0. In

the close-to-critical case t ≠ V ≠ 2, we find a larger cor-
relation time Mp , 102, and hence use a longer aver-
aging time M 0 ≠ 200. In Fig. 3 we illustrate an ideal
transport for t , V , 1 by plotting a persistent cur-
rent J

p
$k0 ≠ limM!`s1yMd

PM
m≠1 k $k0jJsmdj $k0l vs the initial

FIG. 1. Current autocorrelation function CJ smd against dis-
crete time m for the quantum ergodic (t ≠ V ≠ 4, lower set of
curves for various sizes L) and intermediate regimes (t ≠ V ≠
1, upper set of curves) with density r ≠ 1

4 . Averaging over
the entire Fock space is performed, N 0 ≠ N , for L # 20,
whereas random samples of N 0 ≠ 12 000 and N 0 ≠ 160 ini-
tial states have been used for L ≠ 24 and L ≠ 32, respectively.
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FIG. 2. Stiffness DJ vs 1yL at constant density r ≠ 1
4 and

for different values of control parameters in the ergodic, t ≠
V ≠ 4 and t ≠ V ≠ 2, and intermediate, t ≠ 1, V ≠ 2 and
t ≠ V ≠ 1, regimes. Other parameters are the same as in
Fig. 1.

current J$k0 . The normal transport in the ergodic regime
t ≠ V ≠ 4 is characterized by J

p
$k0 ≠ 0, while for t ,

V , 1 we find the ideal transport with the persistent cur-
rent being proportional to the initial current, J

p
$k0 ≠ aJ$k0 .

Proportionality constant a can be computed from [Eq. (4)]
DJ ≠ s1yLd kJ$k0J

p
$k0 l ≠ sayLd kJ2l, so a ≠ 2DJyfrs1 2

rdg, where kJ2l is given below [Eq. (5)].
Because of translational symmetry, the total momen-

tum K ≠
P

k kñk smodLd is the only conserved quan-
tity (apart from N and parity), so the evolution of
the initial momentum state j $k0l takes place in NK ¯
N yL dimensional subspace HK , spanned by j $kl with
K ≠ j $kj :≠ P

n kn. Starting with a momentum state
j $k0l, the number of “excited” states j $kl after time m is
characterized by information entropy [9] (see also [7])
as expf2

P
$k p$k $k0 smd lnp$k $k0 smdg. Averaging the entropy

over a uniformly random sample ofN 0 initial states j $k0l,
we define relative localization dimension in Fock space as
a measure of quantum ergodicity,

Rsmd ≠
L
N exp

√
2

1
N 0

X

$k0

0 X

$k

p$k $k0smd lnp$k $k0smd

!
.

Again, similar behavior is found numerically for Rsmd as
for CJ smd, namely, it typically saturates within the same
(short) correlation time Mp to a roughly constant value
R̄ ≠ limM!`s1yMd

PM
m≠1 Rsmd. If there are no conser-

vation laws then the unitary blocks UmjHK should have no
preferred basis other than eigenbasis, and hence they may
be modeled by circular orthogonal ensemble (COE) of
random matrices for sufficiently large m giving the max-
imal asymptotic (as N ! `) value of relative localiza-
tion dimension, R̄COE ¯ 0.655. This case corresponds to
quantum ergodicity since p$k $k0 smd, for m . Mp, become
pseudorandom and independent of $k and $k0, hence the cor-
relation function (3) factorizes and yields Csmd ≠ kJl2 ≠
0. Indeed, as we show in Fig. 4, such behavior is obtained
only for sufficiently large parameters, say, t ≠ V ≠ 4,

FIG. 3. Persistent current J
p
$k
against initial current J $k (aver-

aged over bins of size DJ ≠ 0.05) in the ergodic, t ≠ V ≠ 4,
(nearly) ergodic, t ≠ V ≠ 2, and intermediate, t ≠ V ≠ 1 and
t ≠ 1, V ≠ 2, regimes (L ≠ 24 and r ≠ 1

4 .)

while for smaller values of parameters t, V , Rsmd satu-
rates to a smaller value indicating that there may exist
approximate conservation laws causing nontrivial local-
ization inside the Fock space. Scaling with 1yL suggests
that, even in TL, R̄ is smaller than R̄COE for the interme-
diate regime t , V , 1 (Fig. 5).
Finally, we discuss current fluctuations, or more gener-

ally, current distribution Pc sId ≠ kcjdsI 2 Jdjcl giving
a probability density of having a current I in a state jcl.
We let the state c with a “good” known initial current I0
evolve for a long time from which we compute a steady-
state current distribution (SSCD),

PsI; I0d ≠ lim
M!`

1
M

MX

m≠1
kdsssI0 2 Js0dddddsssI 2 Jsmddddl .

Of course, delta functions should have a finite small width
providing averaging over several states j $kl with J$k ¯ I0.
In the quantum ergodic regime all states eventually be-
come populated, so SSCD PsI ; I0d should be independent
of the initial current I0 and equal to the microcanoni-
cal current distribution PmcsId ≠ kdsI 2 Jdl. It has
been shown by elementary calculation that in TL
the latter becomes a Gaussian, PmcsId ! PGausssId ≠
s1y

p
2pkJ2ld exps2 1

2 I2ykJ2ld, while at any finite size L

FIG. 4. Relative localization dimension in Fock space Rsmd
for data of Fig. 1.
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FIG. 5. Limiting relative localization dimension R̄ vs 1yL for
data of Fig. 2.

the first few moments are

kJ2l ≠
NsL 2 Nd
2sL 2 1d

¯
1
2

rs1 2 rdL,

kJ4l
kJ2l2 ≠

3sL 2 1d f2NsL 2 Nd 2 Lg
2NsL 2 2d sL 2 Nd

≠ 3 1 O
µ

1
L

∂
.

(5)

Numerical results for L ≠ 24 (see Fig. 6) indicate that
in the ergodic regime, t ≠ V ≠ 4, SSCD is already in
good agreement with microcanonical distribution PmcsId,
while in the nonergodic (intermediate) regime, t ≠ V ≠
1, SSCD is localized on a smaller range indicating that
the current fluctuation is smaller than kJ2l. Note that
the mean Ī ≠

R
dIIPsI ; I0d is just a persistent current, so

Ī ≠ aI0 (see Fig. 3).
In this Letter we have presented numerical evidence,

based on efficiently coded time evolution of a kicked
fermionic system, in support of hypothesis, that intermedi-
ate (neither integrable nor ergodic) behavior of a quantum
many-body system may survive TL provided that control
parameters are not too far away from integrable points. In
this regime ideal transport is possible due to nonvanish-
ing current time correlations as a consequence of quantum
nonergodicity (nonmixing). However, when the control
parameters are sufficiently large we have a strong inter-
action between particles, hence we expect (according to
ergodic hypothesis) and confirm quantum ergodicity com-
patible with RMT and normal transport properties. It is
interesting to note that, at the transition point between the
two regimes, where order parameter—stiffness DJ jL≠`

(inferred from 1yL scaling)—becomes zero, the correla-
tion time scale Mp drastically increases what is reminis-
cent of a type of dynamical phase transition. This seems
to be a discontinuous “order-to-chaos” transition in con-
trast to a smooth (KAM-like) transition in systems with
a finite number of degrees of freedom. Although only
data for quarter-filled lattice sr ≠ 1

4 d are presented here,
we should stress that the same conclusion follows from

FIG. 6. Steady-state current distribution divided by a Gauss-
ian PsI , I0dyPGausssId averaged over 279 initial states with
jI0j , 0.08 in the ergodic, t ≠ V ≠ 4, and intermediate, t ≠
V ≠ 1, regimes, and the finite-size microcanonical current dis-
tribution PmcsId. (L ≠ 24 and r ≠ 1

4 .)

our data for other densities, r ≠ 1
3 , 3

8 , 2
5 , and

1
2 , with a

general rule that the border of a quantum ergodic regime
moves to slightly smaller values of control parameters
t, V as the density r approaches 1

2 . It should be noted
that statistics of eigenphases of evolution operator U have
been computed as well, and it has been found that, in
the ergodic regime, level statistics are indeed that of COE
while, in the intermediate regime, it interpolates smoothly
between Poisson and COE.
Discussions with Professor P. Prelovšek, and the finan-

cial support from the Ministry of Science and Technology
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recover quantum ergodicity, and normal transport, which can be described by random matrix theory.
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A simple question is addressed here: “Do intermedi-
ate quantum many-body systems, which are neither in-
tegrable nor ergodic, exist in the thermodynamic limit”?
While it is clear that integrable systems are rather excep-
tional, it is an important open question whether a finite
generic perturbation of an integrable system becomes er-
godic or not in the thermodynamic limit (TL), size ! `
and fixed density. It is known that local statistical prop-
erties of quantum systems with few degrees of freedom
whose classical limit is completely chaotic/ergodic, are
universally described by random matrix theory (RMT);
while in the other extreme case of integrable systems,
Poissonian statistics may typically be applied [1,2] (with
some notable nongeneric exceptions such as finite dimen-
sional harmonic oscillator). This statement has also been
recently verified numerically for integrable and strongly
nonintegrable many-body systems of interacting fermions
[3] which do not have a classical limit.
Having lost the reference to classical dynamics, we re-

sort to the definition of quantum ergodicity (also termed
quantum mixing) [4] as the decay of time correlations
kAstdBs0dl 2 kAl kBl of any pair of quantum observables
A and B in TL, taking the time limit t ! ` in the end.
In [4] a many-body system of interacting bosons has been
studied, and it has been shown that quantum ergodic-
ity corresponds to strongly chaotic (ergodic) dynamics of
associated nonlinear mean-field equations. As a conse-
quence of linear response theory, quantum ergodicity also
implies normal transport and finite transport coefficients
(such as dc electrical conductivity). On the other hand,
integrable systems, which are solvable by Bethe ansatz
or quantum inverse scattering, are characterized by (infin-
itely many) conservation laws and are thus nonergodic. It
has been pointed out recently [5] that integrability implies
nonvanishing stiffness, i.e., ideal conductance with infi-
nite transport coefficients (or ideal insulating state). As
we argue below, any deviation from quantum ergodicity
generically implies nonvanishing long-time current auto-
correlation and therefore an infinite transport coefficient.
Since generic nonintegrable systems of finite size (num-
ber of degrees of freedom) are nonergodic (obeying mixed

statistics smoothly interpolating from Poisson to RMT), it
is thus important to question if and when such nonergod-
icity can survive TL.
In this Letter we introduce a family of simple many-

body systems smoothly interpolating between integrable
and ergodic regimes, namely, kicked t-V model (KtV)
of spinless fermions with periodically switched nearest-
neighbor interaction on a 1D lattice of size L and peri-
odic boundary conditions L ; 0, with a time-dependent
Hamiltonian,

Hstd ≠
L21X

j≠0
f2 1

2 tscy
j cj11 1 H.c.d 1 dpstdVnjnj11g ,

(1)
and give numerical evidence for the existence of an inter-
mediate nonergodic regime in TL by direct simulation of
the time evolution. cy

j , cj , nj are fermionic creation, anni-
hilation, and number operators, respectively, and dpstd ≠P`

m≠2` dst 2 md. Deviations from quantum ergodicity
(or mixing) are characterized by several different quanti-
ties as described below.
The KtV model (1) is a many-body analog of popular

1D nonintegrable kicked systems [2] such as, e.g., kicked
rotor: Its evolution (Floquet) operator over one period,
U ≠ T̂ expf2i

R11

01 dtHstdg sh̄ ≠ 1d, factorizes into the
product of a kinetic and potential part,

U ≠ exp
√

2iV
L21X

j≠0
njnj11

!

3 exp
√

it
L21X

k≠0
cosssk 1 fdñk

!
, (2)

where s ≠ 2pyL. The flux parameter f is used in order
to introduce a current operator J ≠ siytdUy≠fUjf≠0 ≠PL21

k≠0 sinsskdñk , elsewhere we put f :≠ 0. The tilde de-
notes the operators which refer to momentum variable
k, c̃k ≠ L21y2

PL21
j≠0 expsisjkdcj , ñk ≠ c̃y

k c̃k . The KtV
model is integrable if either t ≠ 0, or V ≠ 0 smod 2pd,
or tV ! 0 and tyV finite (continuous time t-V model
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!
, (2)

where s ≠ 2pyL. The flux parameter f is used in order
to introduce a current operator J ≠ siytdUy≠fUjf≠0 ≠PL21

k≠0 sinsskdñk , elsewhere we put f :≠ 0. The tilde de-
notes the operators which refer to momentum variable
k, c̃k ≠ L21y2

PL21
j≠0 expsisjkdcj , ñk ≠ c̃y
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[6]), while for t , V , 1 it is expected to be noninte-
grable, either quantum ergodic or intermediate. We ex-
pect that unitary many-body quantum maps, such as (2),
also mimic the dynamics of generic autonomous quantum
many-body systems on the energy shell similar to the way
1D quantum maps describe quantum Poincaré sections of
autonomous 2D quantum chaotic systems (e.g., [7]).
The total number of particles N ≠

P
j nj is conserved,

so the map U acts over Hilbert (Fock) space H of di-
mension N ≠ s L

N d. The dynamics of a given initial
many-body state jcs0dl, which is an iteration of the map
jcsmdl ≠ Ujcsm 2 1dl ≠ Umjcs0dl, can be performed
most efficiently by observing that the kinetic part UT is di-
agonal in the momentum basis jkl ≠ c̃y

k1
, . . . , c̃y

kN
j0l, k1 ,

· · · , kN while the potential part UV is diagonal in the
position basis jjl ≠ cy

j1 , . . . , cy
jN j0l, j1 , · · · , jN . The

transformation between the two, F$j $k ≠ k $j j $kl, is an anti-
symmetrized N-dimensional discrete Fourier transforma-
tion (DFT) on L sites which has been efficiently coded
in ,N log2 N floating point operations (FPO) by fac-
torizing L site DFT to the product of O sL log2 Ld two-
site transformations parametrized with 2 3 2 submatrices
sa, b; g, ddjj0 , which are successively applied to creation
operators, scy

j , cy
j0 d ! sacy

j 1 bcy
j0 , gcy

j 1 dcy
j0 d, in all

Slater determinants Pncy
jn
j0l which contain a particle

at sites j or j0. Our algorithm (fermionic fast Fourier
transform) requires almost no extra storage apart from
a vector of N c numbers and works for lattices of
sizes L ≠ 2p , 10, 12, 15, 20, 24, 30, and 40. Therefore, the
map (2) is iterated on a vector c $ksmd ≠ kk jcsmdl, us-
ing the matrix composition U ≠ FpUV FUT in roughly
2N log2 N FPO per time step which is by far superior
to complete diagonalization techniques [O sN 3d FPO],
even for long time scales m ≠ O sN d when quantum dy-
namics becomes quasiperiodic due to discreteness of the
spectrum of U.
We now consider the current time-autocorrelation func-

tion CJ smd ≠ s1yLd kJsmdJs0dl, where Jsmd ≠ UymJUm

and k?l ≠ s1yN dTrs?d is a “microcanonical average.” J
is diagonal in the momentum basis Jj $kl ≠ J$kj $kl, and
kJl ≠ 0. So CJ smd can be evaluated by means of time
evolution of momentum initial states jcs0dl ≠ j $k0l,

CJ smd ≠
1

LN 0
X

$k0

0
J$k0

X

$k

J$kp$k $k0smd , (3)

where p$k $k0smd ≠ jk $k jcsmdlj2 ≠ jk $k jUmj $k0lj2. For
large sizes L, a smaller but uniformly random sample of
N 0 initial states j $k0l, 1 ø N 0 ø N , is used in order
to save computer time. Direct computation of CJsmd for
m # M can be performed in ,s2MN N 0yLd log2 N
FPO since, due to translational symmetry, one can
simultaneously simulate the dynamics of L different
states with different values of the conserved total
momentum K ≠

P
n k0

n smod Ld. Using the eigen-

phases hn and eigenstates jnl of evolution operator
U, Ujnl ≠ e2ihn jnl, n ≠ 1, . . . ,N , one can write the
dissipative dc conductivity of such a kicked system
s :≠

PN
n≠1 s≠fhnd2 ¯ CJ s0d 1 2

PN y2
m≠1 CJ smd. Note

that ≠fhn ≠ knjJjnl.
In Fig. 1 we present numerical computation of cor-

relation function CJsmd for parameters t ≠ V ≠ 1 and
t ≠ V ≠ 4, for various sizes L, but at fixed density r ≠
NyL ≠ 1

4 . Quite generally, CJ smd exhibits fast relaxation
on a time scale Mp which is typically small, Mp , 10,
and roughly independent of L, and afterwards it fluctuates
around the averaged limiting value, the stiffness

DJ ≠ lim
M!`

1
M

MX

m≠1
CJ smd , (4)

where the strength of fluctuations decreases with increas-
ing size L. Note again that TL L ! ` should be taken
prior to the time-limit, limM!`s1yMd

PM
m≠1 s?d which, for

systems of finite size L here and below, is estimated nu-
merically as s1yM 0d

P2M0

m≠M 011 s?d with sufficiently large
but fixed averaging time M 0 . Mp; we take M 0 ≠ 30.
For sufficiently large control parameters the system is
quantum ergodic (case t ≠ V ≠ 4 of Fig. 1), DJ goes
to zero, and s remains finite as L ! ` sN ! `d and
r ≠ NyL fixed, whereas in the other case (t ≠ V ≠ 1
of Fig. 1), DJ remains well above zero as we approach
TL, whereas conductivity s diverges [8]. In Fig. 2 we
have analyzed 1yL scaling of DJ . Again, for large val-
ues of parameters, say t ≠ V ≠ 4, DJ is already practi-
cally zero for L ¯ 20, while for smaller (but not small)
control parameters DJ ¯ D`

J 1 byL, where D`
J . 0. In

the close-to-critical case t ≠ V ≠ 2, we find a larger cor-
relation time Mp , 102, and hence use a longer aver-
aging time M 0 ≠ 200. In Fig. 3 we illustrate an ideal
transport for t , V , 1 by plotting a persistent cur-
rent J

p
$k0 ≠ limM!`s1yMd

PM
m≠1 k $k0jJsmdj $k0l vs the initial

FIG. 1. Current autocorrelation function CJ smd against dis-
crete time m for the quantum ergodic (t ≠ V ≠ 4, lower set of
curves for various sizes L) and intermediate regimes (t ≠ V ≠
1, upper set of curves) with density r ≠ 1

4 . Averaging over
the entire Fock space is performed, N 0 ≠ N , for L # 20,
whereas random samples of N 0 ≠ 12 000 and N 0 ≠ 160 ini-
tial states have been used for L ≠ 24 and L ≠ 32, respectively.
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FIG. 2. Stiffness DJ vs 1yL at constant density r ≠ 1
4 and

for different values of control parameters in the ergodic, t ≠
V ≠ 4 and t ≠ V ≠ 2, and intermediate, t ≠ 1, V ≠ 2 and
t ≠ V ≠ 1, regimes. Other parameters are the same as in
Fig. 1.

current J$k0 . The normal transport in the ergodic regime
t ≠ V ≠ 4 is characterized by J

p
$k0 ≠ 0, while for t ,

V , 1 we find the ideal transport with the persistent cur-
rent being proportional to the initial current, J

p
$k0 ≠ aJ$k0 .

Proportionality constant a can be computed from [Eq. (4)]
DJ ≠ s1yLd kJ$k0J

p
$k0 l ≠ sayLd kJ2l, so a ≠ 2DJyfrs1 2

rdg, where kJ2l is given below [Eq. (5)].
Because of translational symmetry, the total momen-

tum K ≠
P

k kñk smodLd is the only conserved quan-
tity (apart from N and parity), so the evolution of
the initial momentum state j $k0l takes place in NK ¯
N yL dimensional subspace HK , spanned by j $kl with
K ≠ j $kj :≠ P

n kn. Starting with a momentum state
j $k0l, the number of “excited” states j $kl after time m is
characterized by information entropy [9] (see also [7])
as expf2

P
$k p$k $k0 smd lnp$k $k0 smdg. Averaging the entropy

over a uniformly random sample ofN 0 initial states j $k0l,
we define relative localization dimension in Fock space as
a measure of quantum ergodicity,

Rsmd ≠
L
N exp

√
2

1
N 0

X

$k0

0 X

$k

p$k $k0smd lnp$k $k0smd

!
.

Again, similar behavior is found numerically for Rsmd as
for CJ smd, namely, it typically saturates within the same
(short) correlation time Mp to a roughly constant value
R̄ ≠ limM!`s1yMd

PM
m≠1 Rsmd. If there are no conser-

vation laws then the unitary blocks UmjHK should have no
preferred basis other than eigenbasis, and hence they may
be modeled by circular orthogonal ensemble (COE) of
random matrices for sufficiently large m giving the max-
imal asymptotic (as N ! `) value of relative localiza-
tion dimension, R̄COE ¯ 0.655. This case corresponds to
quantum ergodicity since p$k $k0 smd, for m . Mp, become
pseudorandom and independent of $k and $k0, hence the cor-
relation function (3) factorizes and yields Csmd ≠ kJl2 ≠
0. Indeed, as we show in Fig. 4, such behavior is obtained
only for sufficiently large parameters, say, t ≠ V ≠ 4,

FIG. 3. Persistent current J
p
$k
against initial current J $k (aver-

aged over bins of size DJ ≠ 0.05) in the ergodic, t ≠ V ≠ 4,
(nearly) ergodic, t ≠ V ≠ 2, and intermediate, t ≠ V ≠ 1 and
t ≠ 1, V ≠ 2, regimes (L ≠ 24 and r ≠ 1

4 .)

while for smaller values of parameters t, V , Rsmd satu-
rates to a smaller value indicating that there may exist
approximate conservation laws causing nontrivial local-
ization inside the Fock space. Scaling with 1yL suggests
that, even in TL, R̄ is smaller than R̄COE for the interme-
diate regime t , V , 1 (Fig. 5).
Finally, we discuss current fluctuations, or more gener-

ally, current distribution Pc sId ≠ kcjdsI 2 Jdjcl giving
a probability density of having a current I in a state jcl.
We let the state c with a “good” known initial current I0
evolve for a long time from which we compute a steady-
state current distribution (SSCD),

PsI; I0d ≠ lim
M!`

1
M

MX

m≠1
kdsssI0 2 Js0dddddsssI 2 Jsmddddl .

Of course, delta functions should have a finite small width
providing averaging over several states j $kl with J$k ¯ I0.
In the quantum ergodic regime all states eventually be-
come populated, so SSCD PsI ; I0d should be independent
of the initial current I0 and equal to the microcanoni-
cal current distribution PmcsId ≠ kdsI 2 Jdl. It has
been shown by elementary calculation that in TL
the latter becomes a Gaussian, PmcsId ! PGausssId ≠
s1y

p
2pkJ2ld exps2 1

2 I2ykJ2ld, while at any finite size L

FIG. 4. Relative localization dimension in Fock space Rsmd
for data of Fig. 1.
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been shown by elementary calculation that in TL
the latter becomes a Gaussian, PmcsId ! PGausssId ≠
s1y

p
2pkJ2ld exps2 1

2 I2ykJ2ld, while at any finite size L

FIG. 4. Relative localization dimension in Fock space Rsmd
for data of Fig. 1.
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FIG. 5. Limiting relative localization dimension R̄ vs 1yL for
data of Fig. 2.

the first few moments are

kJ2l ≠
NsL 2 Nd
2sL 2 1d

¯
1
2

rs1 2 rdL,

kJ4l
kJ2l2 ≠

3sL 2 1d f2NsL 2 Nd 2 Lg
2NsL 2 2d sL 2 Nd

≠ 3 1 O
µ

1
L

∂
.

(5)

Numerical results for L ≠ 24 (see Fig. 6) indicate that
in the ergodic regime, t ≠ V ≠ 4, SSCD is already in
good agreement with microcanonical distribution PmcsId,
while in the nonergodic (intermediate) regime, t ≠ V ≠
1, SSCD is localized on a smaller range indicating that
the current fluctuation is smaller than kJ2l. Note that
the mean Ī ≠

R
dIIPsI ; I0d is just a persistent current, so

Ī ≠ aI0 (see Fig. 3).
In this Letter we have presented numerical evidence,

based on efficiently coded time evolution of a kicked
fermionic system, in support of hypothesis, that intermedi-
ate (neither integrable nor ergodic) behavior of a quantum
many-body system may survive TL provided that control
parameters are not too far away from integrable points. In
this regime ideal transport is possible due to nonvanish-
ing current time correlations as a consequence of quantum
nonergodicity (nonmixing). However, when the control
parameters are sufficiently large we have a strong inter-
action between particles, hence we expect (according to
ergodic hypothesis) and confirm quantum ergodicity com-
patible with RMT and normal transport properties. It is
interesting to note that, at the transition point between the
two regimes, where order parameter—stiffness DJ jL≠`

(inferred from 1yL scaling)—becomes zero, the correla-
tion time scale Mp drastically increases what is reminis-
cent of a type of dynamical phase transition. This seems
to be a discontinuous “order-to-chaos” transition in con-
trast to a smooth (KAM-like) transition in systems with
a finite number of degrees of freedom. Although only
data for quarter-filled lattice sr ≠ 1

4 d are presented here,
we should stress that the same conclusion follows from

FIG. 6. Steady-state current distribution divided by a Gauss-
ian PsI , I0dyPGausssId averaged over 279 initial states with
jI0j , 0.08 in the ergodic, t ≠ V ≠ 4, and intermediate, t ≠
V ≠ 1, regimes, and the finite-size microcanonical current dis-
tribution PmcsId. (L ≠ 24 and r ≠ 1

4 .)

our data for other densities, r ≠ 1
3 , 3

8 , 2
5 , and

1
2 , with a

general rule that the border of a quantum ergodic regime
moves to slightly smaller values of control parameters
t, V as the density r approaches 1

2 . It should be noted
that statistics of eigenphases of evolution operator U have
been computed as well, and it has been found that, in
the ergodic regime, level statistics are indeed that of COE
while, in the intermediate regime, it interpolates smoothly
between Poisson and COE.
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[5] X. Zotos and P. Prelovšek, Phys. Rev. B 53, 983 (1996);
H. Castella, X. Zotos, and P. Prelovšek, Phys. Rev. Lett.
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Can we construct quasilocal conserved charges analytically?

Consider again the (integrable) Heisenberg chain with ∆ = 1 (XXX)
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Transfer matrices and conserved operators

Consider 2s + 1 dimensional spin−s auxiliary space Ha = Vs with SU(2)
generators represented as

sz|m〉 = m|m〉, s±|m〉 =
√

(s + 1±m)(s ∓m)|m ± 1〉

and define Lax operators acting over Hp ⊗Ha, Hp = V⊗n
1/2,

Lx,a(λ) = λ1 + σz
xs

z
a + σ+

x s−a + σ−x s+
a = λ1 + ~σx ·~sa,

in turn defining a commuting set of transfer matrices

Ts(λ) = traL0,a(λ)L1,a(λ) · · · Ln−1,a(λ),

[Ts(λ),Ts′(λ
′)] = 0, ∀s, s ′, λ, λ′.
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generators represented as

sz|m〉 = m|m〉, s±|m〉 =
√

(s + 1±m)(s ∓m)|m ± 1〉

and define Lax operators acting over Hp ⊗Ha, Hp = V⊗n
1/2,

Lx,a(λ) = λ1 + σz
xs

z
a + σ+

x s−a + σ−x s+
a = λ1 + ~σx ·~sa,

in turn defining a commuting set of transfer matrices

Ts(λ) = traL0,a(λ)L1,a(λ) · · · Ln−1,a(λ),

[Ts(λ),Ts′(λ
′)] = 0, ∀s, s ′, λ, λ′.

The fundamenal TM T1/2(λ) is generating all local Hermitian conserved
charges

Qk = −i∂k−1
t logT1/2( 1

2 + it)|t=0 =
n−1∑
x=0

Ŝx (qk ⊗ 12n−k
)
,

with HXXX = Q2.
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Theorem (arXiv:1506.05049):

Traceless operators Xs(t), s ∈ 1
2Z

+, t ∈ R, defined as

Xs(t) = [τs(t)]−n {Ts(− 1
2 + it)T ′s ( 1

2 + it)
}
,

τs(t) = −t2 −
(
s + 1

2

)2
,

where T ′s (λ) ≡ ∂λTs(λ) and {A} ≡ A − ( tr A)1/( tr1), are quasilocal for all
s, t and linearly independent from {Qk ; k ≥ 2} for s > 1

2 .
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Theorem (arXiv:1506.05049):

Traceless operators Xs(t), s ∈ 1
2Z

+, t ∈ R, defined as

Xs(t) = [τs(t)]−n {Ts(− 1
2 + it)T ′s ( 1

2 + it)
}
,

τs(t) = −t2 −
(
s + 1

2

)2
,

where T ′s (λ) ≡ ∂λTs(λ) and {A} ≡ A − ( tr A)1/( tr1), are quasilocal for all
s, t and linearly independent from {Qk ; k ≥ 2} for s > 1

2 .

Inspiration: for s = 1/2, TM is asymptitically, n→∞, a unitary operator

T1/2( 1
2 + it) ' exp

(
i
∞∑

k=1

Qk+1t
k/k!

)
,

(Fagotti and Essler, JSTAT P07012 (2013)) hence X1/2(t) is a logarithmic
derivative, since T †s (λ) ≡ TT

s (λ̄) = (−1)nTs(−λ̄).

Tomaž Prosen Quasilocal conservation laws



Proof of quasilocality

MPO form of a product of a pair of TMs, and a trace of a quadruple of TMs

Ts(µ)Ts(λ) = tra1,a2

n−1∏
x=0

(∑
α

Lαs (µ, λ)σαx

)
,

L0
s (µ, λ) = λµ1 +~sa1 ·~sa2 ,

~Ls(µ, λ) = i~sa1×~sa2 + λ~sa1 + µ~sa2 ,

(Ts(µ)Ts(λ),Ts′(µ
′)Ts′(λ

′)) = tra1,a2,a3,a4T
n
s,s′ ,

Ts,s′ =
∑
α

Ls(−µ̄,−λ̄)⊗ Ls′(µ
′, λ′).
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Proof of quasilocality

MPO form of a product of a pair of TMs, and a trace of a quadruple of TMs

Ts(µ)Ts(λ) = tra1,a2

n−1∏
x=0

(∑
α

Lαs (µ, λ)σαx

)
,

L0
s (µ, λ) = λµ1 +~sa1 ·~sa2 ,

~Ls(µ, λ) = i~sa1×~sa2 + λ~sa1 + µ~sa2 ,

(Ts(µ)Ts(λ),Ts′(µ
′)Ts′(λ

′)) = tra1,a2,a3,a4T
n
s,s′ ,

Ts,s′ =
∑
α

Ls(−µ̄,−λ̄)⊗ Ls′(µ
′, λ′).

Identity component L0
s = µλ1 + 1

2 (C−~s 2
a1 −~s 2

a2), has the spectrum
τ j
s (µ, λ) = j(j+1)

2 − s(s + 1) + µλ, j = 0, 1, . . . , 2s.
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Proof of quasilocality

MPO form of a product of a pair of TMs, and a trace of a quadruple of TMs

Ts(µ)Ts(λ) = tra1,a2

n−1∏
x=0

(∑
α

Lαs (µ, λ)σαx

)
,

L0
s (µ, λ) = λµ1 +~sa1 ·~sa2 ,

~Ls(µ, λ) = i~sa1×~sa2 + λ~sa1 + µ~sa2 ,

(Ts(µ)Ts(λ),Ts′(µ
′)Ts′(λ

′)) = tra1,a2,a3,a4T
n
s,s′ ,

Ts,s′ =
∑
α

Ls(−µ̄,−λ̄)⊗ Ls′(µ
′, λ′).

Identity component L0
s = µλ1 + 1

2 (C−~s 2
a1 −~s 2

a2), has the spectrum
τ j
s (µ, λ) = j(j+1)

2 − s(s + 1) + µλ, j = 0, 1, . . . , 2s.
Specializing on one of the two lines

D± = {(µ±t , λ±t ); t ∈ R} ⊂ C2,

µ±t := ∓ 1
2 + it, λ±t := ± 1

2 + it, (1)

the leading eigenvalue of L0
s is τs(t) = −(s + 1/2)2 − t2 corresponding to the

singlet j = 0 eigenstate (in auxiliary space!)

|ψ0〉 = (2s + 1)−1/2
s∑

m=−s

(−1)s−m|m〉 ⊗ | −m〉, (2)
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Hilbert-Schmidt Kernel

Ks,s′(t, t
′) := (Xs(t),Xs′(t

′)) =

[τs(t)τs′(t
′)]−n∂

λ−t
∂λ+

t′

(
tr
[
Ts,s′(µ

−
t , λ

−
t , µ

+
t′ , λ

+
t′)
]n

− tr
[
L0

s (µ−t , λ
−
t )
]n

tr
[
L0

s′(µ
+
t′ , λ

+
t′)
]n)

.
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Hilbert-Schmidt Kernel

Ks,s′(t, t
′) := (Xs(t),Xs′(t

′)) =

[τs(t)τs′(t
′)]−n∂

λ−t
∂λ+

t′

(
tr
[
Ts,s′(µ

−
t , λ

−
t , µ

+
t′ , λ

+
t′)
]n

− tr
[
L0

s (µ−t , λ
−
t )
]n

tr
[
L0

s′(µ
+
t′ , λ

+
t′)
]n)

.

Magic key: Precisely on D−×D+ the leading eigenvalue of Ts,s′ factorizes

τs,s′(µ
−
t , λ

−
t , µ

+
t′ , λ

+
t′) = τs(t)τs′(t

′)

with eigenvector |Ψ0〉 = |ψ0〉 ⊗ |ψ0〉.
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Hilbert-Schmidt Kernel

Ks,s′(t, t
′) := (Xs(t),Xs′(t

′)) =

[τs(t)τs′(t
′)]−n∂

λ−t
∂λ+

t′

(
tr
[
Ts,s′(µ

−
t , λ

−
t , µ

+
t′ , λ

+
t′)
]n

− tr
[
L0

s (µ−t , λ
−
t )
]n

tr
[
L0

s′(µ
+
t′ , λ

+
t′)
]n)

.

Magic key: Precisely on D−×D+ the leading eigenvalue of Ts,s′ factorizes

τs,s′(µ
−
t , λ

−
t , µ

+
t′ , λ

+
t′) = τs(t)τs′(t

′)

with eigenvector |Ψ0〉 = |ψ0〉 ⊗ |ψ0〉.
Using Feynman-Hellmann,

∂λ+
t′
τs,s′(µ

−
t , λ

−
t , µ

+
t′ , λ

+
t′) = τ0

s (µ−t , λ
−
t )∂λ+

t′
τ0
s′(µ

+
t′ , λ

+
t′)

one finally obtains the extensivity of HSK

Ks,s′(t, t
′) = n[τs(t)τs′(t

′)]−1∂
λ−t
∂λ+

t′

(
τs,s′(µ

−
t , λ

−
t , µ

+
t′ , λ

+
t′)

−τ0
s (µ−t , λ

−
t )τ0

s′(µ
+
t′ , λ

+
t′)

)
+O(e−γn).
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With some effort, one can obtain an explicit asymptotic form of the HSK

Ks,s′(t, t
′) = n

κs,s′(t − t′)
τs(t)τs′(t′)

,

κs,s′(τ) =
2s∑
l=1

l(l + 2(s ′−s))(2s + 1− l)(2s ′ + 1 + l)
(2s + 1)(2s ′ + 1)

cs′−s+l (τ),

where cs(τ) :=
s

s2 + τ2 .
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Proof of linear independence from the set of local charges

For illustration, we only consider the case s = 1, and define

X̃1(t) = X1(t)−
∫ ∞
−∞

dt′ft(t′)X1/2(t′).

ft(t′) is determined by minimizing the HS norm ‖X̃1(t)‖2HS, i.e. by the variation

δ

δft(t′)
(X̃1(t), X̃1(t)) = 0,

resulting in the Fredholm equation of the first kind∫ ∞
−∞

dt′′K1/2,1/2(t′, t′′)ft(t′′) = K1/2,1(t′, t),

with explicit solution

ft(t′) =
8
9π

1 + t′2

((3/2)2 + t2)((1/2)2 + (t − t′)2)
.

Tomaž Prosen Quasilocal conservation laws



Proof of linear independence from the set of local charges

For illustration, we only consider the case s = 1, and define

X̃1(t) = X1(t)−
∫ ∞
−∞

dt′ft(t′)X1/2(t′).

ft(t′) is determined by minimizing the HS norm ‖X̃1(t)‖2HS, i.e. by the variation

δ

δft(t′)
(X̃1(t), X̃1(t)) = 0,

resulting in the Fredholm equation of the first kind∫ ∞
−∞

dt′′K1/2,1/2(t′, t′′)ft(t′′) = K1/2,1(t′, t),

with explicit solution

ft(t′) =
8
9π

1 + t′2

((3/2)2 + t2)((1/2)2 + (t − t′)2)
.

FE also implies that (X̃1(t),X1/2(t′)) ≡ (X̃1(t),Qk) ≡ 0, and ‖X̃1(t)‖HS > 0.
QED
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Numerical example

The simplest linearly independent new quasilocal charge:

X̃1(0) = −7·25

37

n−1∑
x=0

(
~σx · ~σx+2 +

155
252

~σx · ~σx+3

+
16
63

(~σx ·~σx+1)(~σx+2 ·~σx+3)− 53
84

(~σx ·~σx+2)(~σx+1 ·~σx+3)

−11
84

(~σx ·~σx+3)(~σx+1 ·~σx+2)
)

+ h.o.t.
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Concluding remarks

Taylor coefficients Qs,k provide a double sequence of ‘quasilocal
Hamiltonians’

Xs(t) = Qs,2 + tQs,3 +
t2

2
Qs,4 . . . , Qs,k+2 = (1/k!)∂k

t Xs(t)|t=0.

Qs,k and Xs(t) are Hermitian, for t ∈ R, so our analysis in fact also proves
a general inversion formula, asymptotically as n→∞

T−1
s ( 1

2 + it) ' [τs(t)]−1Ts(− 1
2 + it)

This shows that, again asymptotically, Xs(t) are just logarithmic
derivatives

Xs(t) ' −i
d
dt

logTs( 1
2 + it).
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