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We consider the quantum XY model and study the e↵ects of interacting perturbations on the time
evolution of the von Neumann and Rényi entropies of spin blocks after global quenches. We show that
the entropies are sensitive to perturbations that break hidden symmetries behind the integrability of
the model. At times much larger than the characteristic time of the well-known linear increase of the
entropies, we identify a time window characterized by a novel linear growth followed by saturation.
The typical time of the phenomenon is inversely proportional to the perturbation strength and the
behavior is trigger o↵ by the extinction of an infinite number of local conservation laws following
a non-abelian algebra. We check our theoretical predictions against iTEBD simulations. As a by-
product, we numerically substantiate the method developed in [Bertini and Fagotti, J. Stat. Mech.
(2015) P07012] for investigating the pre-relaxation limit in noninteracting models with interacting
perturbations.
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I. INTRODUCTION

A global Hamiltonian parameter is suddenly changed
and the state, originally in equilibrium, evolves under
a di↵erent Hamiltonian. This simple protocol of non-
equilibrium time evolution is generally called a “global
quench”. Since the first studies on global quenches, many
exciting theoretical aspects have been uncovered1–22

and observed in numerical simulations23–29 and real
experiments30–40. One of the first theoretical insights
was that the entanglement entropies (von Neumann
and Rényi entropies) of subsystems follow a universal
behavior1. In the framework of conformal field theory
(CFT), Ref. [1] showed that the entropies of an inter-
val grow linearly in time until a particular time propor-
tional to the subsystem length `. Then, they saturate
to stationary values. It was soon realized that the lin-
ear behavior is almost independent of the system details:
despite CFTs describing only a class of critical models, a
similar time evolution appears in the (space-time) scal-
ing limit ` ⇠ t � 1 also in noncritical spin chains. The
semiclassical interpretation proposed in Ref. [1] is indeed
expected to hold rather generally41–43. Furthermore, the
extent of the time window of linearity is inversely pro-
portional to the (Lieb-Robinson44) maximal velocity vM
at which information propagates, so the time evolution
of the entanglement entropies provides a simple way to
extract vM .

After Ref. [1] there has been an increasing interest in
the non-equilibrium time evolution of the entanglement
entropies. A large part of works concerned the dynamics
induced by short-range Hamiltonians42,43,45–48, but re-
cently some attention moved also to global quenches with
long-range interactions49,50. In addition, the entangle-
ment entropy has been at the center of intensive research
in other non-equilibrium problems, like local and geomet-
ric quenches51–54. It is also worth mentioning that there
are a few proposals, based on local quenches, to measure
the entanglement entropies in real experiments55,56.

In spite of the numerous studies on global quenches,
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A global Hamiltonian parameter is suddenly changed
and the state, originally in equilibrium, evolves under
a di↵erent Hamiltonian. This simple protocol of non-
equilibrium time evolution is generally called a “global
quench”. Since the first studies on global quenches, many
exciting theoretical aspects have been uncovered1–22

and observed in numerical simulations23–29 and real
experiments30–40. One of the first theoretical insights
was that the entanglement entropies (von Neumann
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(CFT), Ref. [1] showed that the entropies of an inter-
val grow linearly in time until a particular time propor-
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to stationary values. It was soon realized that the lin-
ear behavior is almost independent of the system details:
despite CFTs describing only a class of critical models, a
similar time evolution appears in the (space-time) scal-
ing limit ` ⇠ t � 1 also in noncritical spin chains. The
semiclassical interpretation proposed in Ref. [1] is indeed
expected to hold rather generally41–43. Furthermore, the
extent of the time window of linearity is inversely pro-
portional to the (Lieb-Robinson44) maximal velocity vM
at which information propagates, so the time evolution
of the entanglement entropies provides a simple way to
extract vM .

After Ref. [1] there has been an increasing interest in
the non-equilibrium time evolution of the entanglement
entropies. A large part of works concerned the dynamics
induced by short-range Hamiltonians42,43,45–48, but re-
cently some attention moved also to global quenches with
long-range interactions49,50. In addition, the entangle-
ment entropy has been at the center of intensive research
in other non-equilibrium problems, like local and geomet-
ric quenches51–54. It is also worth mentioning that there
are a few proposals, based on local quenches, to measure
the entanglement entropies in real experiments55,56.
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Evolution of entanglement entropy in one-dimensional systems
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Figure 7. Space–time picture illustrating how the entanglement between an
interval A and the rest of the system, due to oppositely moving coherent
quasiparticles, grows linearly and then saturates. The case where the particles
move only along the light cones is shown here for clarity.

t → ∞, the first term is negligible (this assumes that v(p) does not vanish except at
isolated points), and SA is asymptotically proportional to ℓ, as found earlier.

However, unless |v| = 1 everywhere (as is the case for the conformal field theory
calculation), SA is not strictly proportional to ℓ for t > t∗. In fact, it is easy to see that
the asymptotic limit is always approached from below, as found for the Ising spin chain in
section 3. The rate of approach depends on the behaviour of f(p′, p′′) in the regions where
v(−p′) + v(p′′) → 0. This generally happens at the zone boundary, and, for a non-critical
quench, also at p′ = p′′ = 0. If we assume that f is non-zero in those regions, we find a
correction term ∼− ℓ3/t2 in the limit where t ≫ t∗.

The above result may be generalized to the case when A consists of several disjoint
intervals, and checked against the corresponding conformal invariance result in the case
where |v(p)| = 1. This is discussed in appendix C. In particular one should note that SA(t)
is not always non-decreasing. For example, if A consists of a regular array of intervals,
each of length ℓ, separated by gaps also of length ℓ, the entanglement entropy oscillates
in a saw-tooth fashion with a period ℓ.

5. Discussion

We have presented results on the time dependence of the entanglement entropy SA,
starting from a translationally invariant pure state |ψ0⟩ which is not an eigenstate
of the time evolution operator, from two complementary perspectives. The first was
conformal field theory, which applies only in the asymptotic regime, at the critical point,
to conformally invariant initial states, in theories with a purely relativistic dispersion
relation. In order to regularize these calculations and maintain tractability we were forced
to apply a high energy cut-off e−ϵE to the state. The second was a solvable lattice model,
the Ising model in a transverse field, in which we were able to perform calculations starting

doi:10.1088/1742-5468/2005/04/P04010 15

CFT: linear growth followed by saturation
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Time evolution of the entropy

Entanglement Entropy dynamics in Heisenberg chains 5

which the entropy saturates is given by t∗ = ℓ/(2v) where v is the spin wave velocity:

v = ∂Ek/∂k|k=0. This phenomenon has a simple interpretation in terms of quasiparticles

excitations emitted from the initial state at t = 0 and freely propagating with velocity

v. This explanation holds even for non critical systems, as it has been confirmed by

the exact solution of the Ising chain dynamics [38]. However, since in lattice models

there are particles moving slower than v, after t∗ the entropy does not saturate abruptly,
but is a slowly increasing function of the time. We now consider the dynamics of the

Heisenberg model with open boundary conditions, and we will find that t∗ = ℓ/v. At

the end of this section we will interpret this result in terms of quasiparticles and we will

derive it within CFT.
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Figure 2. Evolution of the entropy S6 with various quenches. ∆0 = 1.5 while
∆1 = 0.0, 0.2, 0.4, 0.6, 0.8 as a function of v(∆1)t. Inset: initial slope value of S6

as a function of ∆1 and comparison to a linear fit with slope −0.85 ± 0.02 (dashed
line).

In the case of the Heisenberg Hamiltonian in the critical regime the spin wave phase

velocity is given by v(∆) = 2Jπ sin θ/θ with cos θ = ∆ [46]. The initial state of the

system is chosen as the ground state of Hamiltonian Eq. (1) with ∆ = ∆0 > 1, after

a quench the system evolves with same Hamiltonian but with a different anisotropy

∆ = ∆1 ∈ [0; 1]. In the simulations we considered chains with N = 50, a Trotter slicing

Jδt = 5 · 10−2 and a truncated Hilbert space of m = 200. The block was chosen to be
of 6 sites which is large enough, as we show, to confirm the CFT prediction. We have

checked convergence with m and δt. For the special case ∆0 = +∞ and ∆1 = 0 we

compare our data with the exact result obtained diagonalizing the XX model as shown

in Appendix A.

De Chiara et al, JSTAT (2006) P03001
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where |v(p)| = 1. This is discussed in appendix C. In particular one should note that SA(t)
is not always non-decreasing. For example, if A consists of a regular array of intervals,
each of length ℓ, separated by gaps also of length ℓ, the entanglement entropy oscillates
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We have presented results on the time dependence of the entanglement entropy SA,
starting from a translationally invariant pure state |ψ0⟩ which is not an eigenstate
of the time evolution operator, from two complementary perspectives. The first was
conformal field theory, which applies only in the asymptotic regime, at the critical point,
to conformally invariant initial states, in theories with a purely relativistic dispersion
relation. In order to regularize these calculations and maintain tractability we were forced
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In the case of the Heisenberg Hamiltonian in the critical regime the spin wave phase

velocity is given by v(∆) = 2Jπ sin θ/θ with cos θ = ∆ [46]. The initial state of the

system is chosen as the ground state of Hamiltonian Eq. (1) with ∆ = ∆0 > 1, after

a quench the system evolves with same Hamiltonian but with a different anisotropy
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Jδt = 5 · 10−2 and a truncated Hilbert space of m = 200. The block was chosen to be
of 6 sites which is large enough, as we show, to confirm the CFT prediction. We have

checked convergence with m and δt. For the special case ∆0 = +∞ and ∆1 = 0 we

compare our data with the exact result obtained diagonalizing the XX model as shown

in Appendix A.

De Chiara et al, JSTAT (2006) P03001

quench in the XXZ model (from Δ=1.8)

Finite !. The matrix representation !4" allows for the nu-
merical calculation of S! for finite and relatively large !.
Some results are reported in Fig. 2, where we choose those
quench parameters that make the finite ! effects more rel-
evant. Increasing ! the results always approach Eq. !2",
showing unambiguously its correctness, but there are pecu-
liar and interesting finite ! effects. The most evident effect is
the oscillation of S!!t". These oscillations have been generi-
cally seen in numerical studies also on more complicated
models #8$, but they are absent in the Ising model for h, h0

!1 #6$: oscillations can only be present when there is a
second local maximum of %"!%. The data !also for cases not
shown in the figure" provide strong evidence that the first
nonoscillating correction at order O!!0" is positive and time
independent.

In the bottom-left plot in Fig. 2 the most unexpected ef-
fect is shown. For the quench !h0=1 ,#0=0.4"→ !h=0.5,#
=0.2", it seems that the linear regime of S!!t" continues after
t*=! /2vM. However, looking at the derivative !inset" one
realizes that it is not exactly constant, since it slightly bends
at t*. This happens because for this peculiar quench the
maximum velocity mode carries very little information, and
so a stronger nonanalyticity is present at a local maximum of
the velocity smaller than vM. This effect is pronounced every
time that h0#&h#0, with %h% , %#% , %h0% , %#0%$1, because of the
functional form of %&. This anomalous behavior is important
because it is nowadays common to extract the speed of
propagation of information from t*. Every time this effect is
present, this procedure gives the wrong answer. For example,
we plotted in the inset of Fig. 2 the numerical derivative of
S!!t" for !=90 !a value hardly reached in nonequilibrium
simulation". It is evident that at t* there is no trace of the
nonanalyticity. Relying on these results one would have ob-
tained a value of vM that is almost half of the real one.

Conclusions. The nonequilibrium time evolution of S!!t"
for the XY chain seems to encode most of the features that
have been observed numerically in other contexts #8$. It is
then natural to wonder whether slight modifications of Eq.
!2" can be true in more complicated situations and not only
for models mapped to free fermionic theories as the present
one.

P.C. benefited of a travel grant from ESF !INSTANS pro-
gram".
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Figure 7. Space–time picture illustrating how the entanglement between an
interval A and the rest of the system, due to oppositely moving coherent
quasiparticles, grows linearly and then saturates. The case where the particles
move only along the light cones is shown here for clarity.

t → ∞, the first term is negligible (this assumes that v(p) does not vanish except at
isolated points), and SA is asymptotically proportional to ℓ, as found earlier.

However, unless |v| = 1 everywhere (as is the case for the conformal field theory
calculation), SA is not strictly proportional to ℓ for t > t∗. In fact, it is easy to see that
the asymptotic limit is always approached from below, as found for the Ising spin chain in
section 3. The rate of approach depends on the behaviour of f(p′, p′′) in the regions where
v(−p′) + v(p′′) → 0. This generally happens at the zone boundary, and, for a non-critical
quench, also at p′ = p′′ = 0. If we assume that f is non-zero in those regions, we find a
correction term ∼− ℓ3/t2 in the limit where t ≫ t∗.

The above result may be generalized to the case when A consists of several disjoint
intervals, and checked against the corresponding conformal invariance result in the case
where |v(p)| = 1. This is discussed in appendix C. In particular one should note that SA(t)
is not always non-decreasing. For example, if A consists of a regular array of intervals,
each of length ℓ, separated by gaps also of length ℓ, the entanglement entropy oscillates
in a saw-tooth fashion with a period ℓ.

5. Discussion

We have presented results on the time dependence of the entanglement entropy SA,
starting from a translationally invariant pure state |ψ0⟩ which is not an eigenstate
of the time evolution operator, from two complementary perspectives. The first was
conformal field theory, which applies only in the asymptotic regime, at the critical point,
to conformally invariant initial states, in theories with a purely relativistic dispersion
relation. In order to regularize these calculations and maintain tractability we were forced
to apply a high energy cut-off e−ϵE to the state. The second was a solvable lattice model,
the Ising model in a transverse field, in which we were able to perform calculations starting
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which the entropy saturates is given by t∗ = ℓ/(2v) where v is the spin wave velocity:

v = ∂Ek/∂k|k=0. This phenomenon has a simple interpretation in terms of quasiparticles

excitations emitted from the initial state at t = 0 and freely propagating with velocity

v. This explanation holds even for non critical systems, as it has been confirmed by

the exact solution of the Ising chain dynamics [38]. However, since in lattice models

there are particles moving slower than v, after t∗ the entropy does not saturate abruptly,
but is a slowly increasing function of the time. We now consider the dynamics of the

Heisenberg model with open boundary conditions, and we will find that t∗ = ℓ/v. At

the end of this section we will interpret this result in terms of quasiparticles and we will

derive it within CFT.
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Figure 2. Evolution of the entropy S6 with various quenches. ∆0 = 1.5 while
∆1 = 0.0, 0.2, 0.4, 0.6, 0.8 as a function of v(∆1)t. Inset: initial slope value of S6

as a function of ∆1 and comparison to a linear fit with slope −0.85 ± 0.02 (dashed
line).

In the case of the Heisenberg Hamiltonian in the critical regime the spin wave phase

velocity is given by v(∆) = 2Jπ sin θ/θ with cos θ = ∆ [46]. The initial state of the

system is chosen as the ground state of Hamiltonian Eq. (1) with ∆ = ∆0 > 1, after

a quench the system evolves with same Hamiltonian but with a different anisotropy

∆ = ∆1 ∈ [0; 1]. In the simulations we considered chains with N = 50, a Trotter slicing

Jδt = 5 · 10−2 and a truncated Hilbert space of m = 200. The block was chosen to be
of 6 sites which is large enough, as we show, to confirm the CFT prediction. We have

checked convergence with m and δt. For the special case ∆0 = +∞ and ∆1 = 0 we

compare our data with the exact result obtained diagonalizing the XX model as shown

in Appendix A.
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quench in the XXZ model (from Δ=1.8)

Finite !. The matrix representation !4" allows for the nu-
merical calculation of S! for finite and relatively large !.
Some results are reported in Fig. 2, where we choose those
quench parameters that make the finite ! effects more rel-
evant. Increasing ! the results always approach Eq. !2",
showing unambiguously its correctness, but there are pecu-
liar and interesting finite ! effects. The most evident effect is
the oscillation of S!!t". These oscillations have been generi-
cally seen in numerical studies also on more complicated
models #8$, but they are absent in the Ising model for h, h0

!1 #6$: oscillations can only be present when there is a
second local maximum of %"!%. The data !also for cases not
shown in the figure" provide strong evidence that the first
nonoscillating correction at order O!!0" is positive and time
independent.

In the bottom-left plot in Fig. 2 the most unexpected ef-
fect is shown. For the quench !h0=1 ,#0=0.4"→ !h=0.5,#
=0.2", it seems that the linear regime of S!!t" continues after
t*=! /2vM. However, looking at the derivative !inset" one
realizes that it is not exactly constant, since it slightly bends
at t*. This happens because for this peculiar quench the
maximum velocity mode carries very little information, and
so a stronger nonanalyticity is present at a local maximum of
the velocity smaller than vM. This effect is pronounced every
time that h0#&h#0, with %h% , %#% , %h0% , %#0%$1, because of the
functional form of %&. This anomalous behavior is important
because it is nowadays common to extract the speed of
propagation of information from t*. Every time this effect is
present, this procedure gives the wrong answer. For example,
we plotted in the inset of Fig. 2 the numerical derivative of
S!!t" for !=90 !a value hardly reached in nonequilibrium
simulation". It is evident that at t* there is no trace of the
nonanalyticity. Relying on these results one would have ob-
tained a value of vM that is almost half of the real one.

Conclusions. The nonequilibrium time evolution of S!!t"
for the XY chain seems to encode most of the features that
have been observed numerically in other contexts #8$. It is
then natural to wonder whether slight modifications of Eq.
!2" can be true in more complicated situations and not only
for models mapped to free fermionic theories as the present
one.
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FIG. 2. !Color online" Time evolution of the entanglement en-
tropy S!!t" /! for several quenches and !. The straight line is the
leading asymptotic result for large !. The inset in the bottom-left
graph shows the derivative with respect to time of S!!t" for !→(
and the numerical derivative for !=90.
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might depend as well on the initial state. In particular if the higher particle fluctuations

are present in the initial state the observed signal velocity seems to be larger.

6. Dynamics of entanglement and mutual information

We turn in the following to the time-evolution of the entanglement and the amount

of correlations between di↵erent subsystems after a quench. As a measure for the

entanglement we use the von Neumann block entropy (see section 3) and the mutual

information. Whereas the von Neumann entropy describes the entanglement of a region

of the system with the remaining part, the mutual information gives a measure about

the amount of correlations between di↵erent subsystems [41]. In the following we first

analyze the time-evolution of the von Neumann entropy before we turn to the evolution

of the mutual information.
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Figure 8. Time-evolution of the block entropy for di↵erent block lengths for a
quench from Ui = 2J to Uf = 20J . The initial linear rise is the same for di↵erent
block lengths, but depends on the boundary condition of the block (PBC: two interface
links per block, faster rise of the entropy; OBC: one interface link per block, slower
rise of the entropy). For longer times a saturation of the entropy depending linearly on
the block length is observed. The left panel contains the original time evolution, while
in the right panel, the obc data has been plotted for times t̃ = 2t, so as to illustrate
the slower increase of the entropy due to the smaller boundary. The PBC results are
from ED on L = 14 (circles) and L = 16 (squares) systems, while the OBC data has
been obtained using t�DMRG up to L = 64.

von Neumann entropy In Fig. 8 we show the time-evolution of the von Neumann

entropy for Bose-Hubbard systems with periodic (ED, L = 14, 16 ¶) and open boundary

¶ Due to the computational challenge of calculating density matrices in ED for large blocks we chose
to limit the local boson occupancy to 3 at most.
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Figure 7. Space–time picture illustrating how the entanglement between an
interval A and the rest of the system, due to oppositely moving coherent
quasiparticles, grows linearly and then saturates. The case where the particles
move only along the light cones is shown here for clarity.

t → ∞, the first term is negligible (this assumes that v(p) does not vanish except at
isolated points), and SA is asymptotically proportional to ℓ, as found earlier.

However, unless |v| = 1 everywhere (as is the case for the conformal field theory
calculation), SA is not strictly proportional to ℓ for t > t∗. In fact, it is easy to see that
the asymptotic limit is always approached from below, as found for the Ising spin chain in
section 3. The rate of approach depends on the behaviour of f(p′, p′′) in the regions where
v(−p′) + v(p′′) → 0. This generally happens at the zone boundary, and, for a non-critical
quench, also at p′ = p′′ = 0. If we assume that f is non-zero in those regions, we find a
correction term ∼− ℓ3/t2 in the limit where t ≫ t∗.

The above result may be generalized to the case when A consists of several disjoint
intervals, and checked against the corresponding conformal invariance result in the case
where |v(p)| = 1. This is discussed in appendix C. In particular one should note that SA(t)
is not always non-decreasing. For example, if A consists of a regular array of intervals,
each of length ℓ, separated by gaps also of length ℓ, the entanglement entropy oscillates
in a saw-tooth fashion with a period ℓ.

5. Discussion

We have presented results on the time dependence of the entanglement entropy SA,
starting from a translationally invariant pure state |ψ0⟩ which is not an eigenstate
of the time evolution operator, from two complementary perspectives. The first was
conformal field theory, which applies only in the asymptotic regime, at the critical point,
to conformally invariant initial states, in theories with a purely relativistic dispersion
relation. In order to regularize these calculations and maintain tractability we were forced
to apply a high energy cut-off e−ϵE to the state. The second was a solvable lattice model,
the Ising model in a transverse field, in which we were able to perform calculations starting
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which the entropy saturates is given by t∗ = ℓ/(2v) where v is the spin wave velocity:

v = ∂Ek/∂k|k=0. This phenomenon has a simple interpretation in terms of quasiparticles

excitations emitted from the initial state at t = 0 and freely propagating with velocity

v. This explanation holds even for non critical systems, as it has been confirmed by

the exact solution of the Ising chain dynamics [38]. However, since in lattice models

there are particles moving slower than v, after t∗ the entropy does not saturate abruptly,
but is a slowly increasing function of the time. We now consider the dynamics of the

Heisenberg model with open boundary conditions, and we will find that t∗ = ℓ/v. At

the end of this section we will interpret this result in terms of quasiparticles and we will

derive it within CFT.
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Figure 2. Evolution of the entropy S6 with various quenches. ∆0 = 1.5 while
∆1 = 0.0, 0.2, 0.4, 0.6, 0.8 as a function of v(∆1)t. Inset: initial slope value of S6

as a function of ∆1 and comparison to a linear fit with slope −0.85 ± 0.02 (dashed
line).

In the case of the Heisenberg Hamiltonian in the critical regime the spin wave phase

velocity is given by v(∆) = 2Jπ sin θ/θ with cos θ = ∆ [46]. The initial state of the

system is chosen as the ground state of Hamiltonian Eq. (1) with ∆ = ∆0 > 1, after

a quench the system evolves with same Hamiltonian but with a different anisotropy

∆ = ∆1 ∈ [0; 1]. In the simulations we considered chains with N = 50, a Trotter slicing

Jδt = 5 · 10−2 and a truncated Hilbert space of m = 200. The block was chosen to be
of 6 sites which is large enough, as we show, to confirm the CFT prediction. We have

checked convergence with m and δt. For the special case ∆0 = +∞ and ∆1 = 0 we

compare our data with the exact result obtained diagonalizing the XX model as shown

in Appendix A.
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quench in the XXZ model (from Δ=1.8)

Finite !. The matrix representation !4" allows for the nu-
merical calculation of S! for finite and relatively large !.
Some results are reported in Fig. 2, where we choose those
quench parameters that make the finite ! effects more rel-
evant. Increasing ! the results always approach Eq. !2",
showing unambiguously its correctness, but there are pecu-
liar and interesting finite ! effects. The most evident effect is
the oscillation of S!!t". These oscillations have been generi-
cally seen in numerical studies also on more complicated
models #8$, but they are absent in the Ising model for h, h0

!1 #6$: oscillations can only be present when there is a
second local maximum of %"!%. The data !also for cases not
shown in the figure" provide strong evidence that the first
nonoscillating correction at order O!!0" is positive and time
independent.

In the bottom-left plot in Fig. 2 the most unexpected ef-
fect is shown. For the quench !h0=1 ,#0=0.4"→ !h=0.5,#
=0.2", it seems that the linear regime of S!!t" continues after
t*=! /2vM. However, looking at the derivative !inset" one
realizes that it is not exactly constant, since it slightly bends
at t*. This happens because for this peculiar quench the
maximum velocity mode carries very little information, and
so a stronger nonanalyticity is present at a local maximum of
the velocity smaller than vM. This effect is pronounced every
time that h0#&h#0, with %h% , %#% , %h0% , %#0%$1, because of the
functional form of %&. This anomalous behavior is important
because it is nowadays common to extract the speed of
propagation of information from t*. Every time this effect is
present, this procedure gives the wrong answer. For example,
we plotted in the inset of Fig. 2 the numerical derivative of
S!!t" for !=90 !a value hardly reached in nonequilibrium
simulation". It is evident that at t* there is no trace of the
nonanalyticity. Relying on these results one would have ob-
tained a value of vM that is almost half of the real one.

Conclusions. The nonequilibrium time evolution of S!!t"
for the XY chain seems to encode most of the features that
have been observed numerically in other contexts #8$. It is
then natural to wonder whether slight modifications of Eq.
!2" can be true in more complicated situations and not only
for models mapped to free fermionic theories as the present
one.
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FIG. 2. !Color online" Time evolution of the entanglement en-
tropy S!!t" /! for several quenches and !. The straight line is the
leading asymptotic result for large !. The inset in the bottom-left
graph shows the derivative with respect to time of S!!t" for !→(
and the numerical derivative for !=90.
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might depend as well on the initial state. In particular if the higher particle fluctuations

are present in the initial state the observed signal velocity seems to be larger.

6. Dynamics of entanglement and mutual information

We turn in the following to the time-evolution of the entanglement and the amount

of correlations between di↵erent subsystems after a quench. As a measure for the

entanglement we use the von Neumann block entropy (see section 3) and the mutual

information. Whereas the von Neumann entropy describes the entanglement of a region

of the system with the remaining part, the mutual information gives a measure about

the amount of correlations between di↵erent subsystems [41]. In the following we first

analyze the time-evolution of the von Neumann entropy before we turn to the evolution

of the mutual information.
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Figure 8. Time-evolution of the block entropy for di↵erent block lengths for a
quench from Ui = 2J to Uf = 20J . The initial linear rise is the same for di↵erent
block lengths, but depends on the boundary condition of the block (PBC: two interface
links per block, faster rise of the entropy; OBC: one interface link per block, slower
rise of the entropy). For longer times a saturation of the entropy depending linearly on
the block length is observed. The left panel contains the original time evolution, while
in the right panel, the obc data has been plotted for times t̃ = 2t, so as to illustrate
the slower increase of the entropy due to the smaller boundary. The PBC results are
from ED on L = 14 (circles) and L = 16 (squares) systems, while the OBC data has
been obtained using t�DMRG up to L = 64.

von Neumann entropy In Fig. 8 we show the time-evolution of the von Neumann

entropy for Bose-Hubbard systems with periodic (ED, L = 14, 16 ¶) and open boundary

¶ Due to the computational challenge of calculating density matrices in ED for large blocks we chose
to limit the local boson occupancy to 3 at most.

J.S
tat.M

ech.
(2005)

P
04010

Evolution of entanglement entropy in one-dimensional systems
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Figure 7. Space–time picture illustrating how the entanglement between an
interval A and the rest of the system, due to oppositely moving coherent
quasiparticles, grows linearly and then saturates. The case where the particles
move only along the light cones is shown here for clarity.

t → ∞, the first term is negligible (this assumes that v(p) does not vanish except at
isolated points), and SA is asymptotically proportional to ℓ, as found earlier.

However, unless |v| = 1 everywhere (as is the case for the conformal field theory
calculation), SA is not strictly proportional to ℓ for t > t∗. In fact, it is easy to see that
the asymptotic limit is always approached from below, as found for the Ising spin chain in
section 3. The rate of approach depends on the behaviour of f(p′, p′′) in the regions where
v(−p′) + v(p′′) → 0. This generally happens at the zone boundary, and, for a non-critical
quench, also at p′ = p′′ = 0. If we assume that f is non-zero in those regions, we find a
correction term ∼− ℓ3/t2 in the limit where t ≫ t∗.

The above result may be generalized to the case when A consists of several disjoint
intervals, and checked against the corresponding conformal invariance result in the case
where |v(p)| = 1. This is discussed in appendix C. In particular one should note that SA(t)
is not always non-decreasing. For example, if A consists of a regular array of intervals,
each of length ℓ, separated by gaps also of length ℓ, the entanglement entropy oscillates
in a saw-tooth fashion with a period ℓ.

5. Discussion

We have presented results on the time dependence of the entanglement entropy SA,
starting from a translationally invariant pure state |ψ0⟩ which is not an eigenstate
of the time evolution operator, from two complementary perspectives. The first was
conformal field theory, which applies only in the asymptotic regime, at the critical point,
to conformally invariant initial states, in theories with a purely relativistic dispersion
relation. In order to regularize these calculations and maintain tractability we were forced
to apply a high energy cut-off e−ϵE to the state. The second was a solvable lattice model,
the Ising model in a transverse field, in which we were able to perform calculations starting

doi:10.1088/1742-5468/2005/04/P04010 15

CFT: linear growth followed by saturation

Calabrese and Cardy, JSTAT (2005) P04010

(GGE, GE)

This picture does not give any clue about the 
relaxation process after the first linear growth



• Normally one expects relaxation to the GE/GGE entropy density 

• In integrable models relaxation is rather slow (power law behavior, in 

the quantum XY model 𝓁/t or 𝓁³/t³log(t/𝓁)) 

• The timescale is proportional to the subsystem length 𝓁   

• More difficult to formulate a qualitative picture of relaxation

Collura, Kormos and Calabrese, JSTAT (2014) P01009

MF and Calabrese, PRA 78 010306(R) (2008)



integrable Hamiltonian with a weak integrability breaking perturbation
decreasing Δ at fixed time

indications this could be true also at the next order of perturbation theory: 
“deformation” of the local conservation laws

Essler et al, PRB 89 165104 (2014)

Promising situations:  
the limit of zero perturbation does not commute with the limit of infinite time! 

prethermalization



this is a generalization of prethermalization:  
perturbations destroy infinitely many local charges (also with integrability)

MF, JSTAT (2014) P03016
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MF, JSTAT (2014) P03016

integrable Hamiltonian with a weak integrability breaking perturbation
decreasing Δ at fixed time

indications this could be true also at the next order of perturbation theory: 
“deformation” of the local conservation laws

Essler et al, PRB 89 165104 (2014)

Promising situations:  
the limit of zero perturbation does not commute with the limit of infinite time! 

prethermalization

pre-relaxation

Hamiltonian details could be irrelevant to the qualitative 
behavior of the entanglement entropies  ➥ UNIVERSALITY
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Δ=0: the GGE value is zero 
(the same for H without           ) short plateau (just perceptible): 

very small values of Δ required

longer plateau 
(still developing)MF and Collura, arXiv:1507.02678



Quantum XY model

• integrable 

• noninteracting (through a Jordan-Wigner transformation) 

• (at least for 𝛾=0) accidental degeneracies due to sl2 loop algebra symmetry 

• it has twice as many local conservations laws as in other noninteracting models 
(like the transverse-field Ising chain or the XY model with a transverse field) 

• the additional local conservation laws  

- are odd under a shift by one site 

- (together with the standard ones) form a non-abelian algebra 
MF, JSTAT (2014) P03016

Lieb, Schultz and Mattis, Ann.Phys. 13, 407 (1961)

critical with c=1

Deguchi, Fabricius and McCoy, J. Stat. Phys. 102 (2001)

𝛾=0



XYZ model  
 + integrability breaking perturbations

• integrable, exactly solvable by Bethe ansatz  

• Δ=0              quantum XY model    
Baxter, PRL 26, 834 (1971)

critical

Δ

𝛾

𝛾=0, |Δ|≤1 
|𝛾|=|Δ|-1



XYZ model  
 + integrability breaking perturbations

• integrable, exactly solvable by Bethe ansatz  

• Δ=0              quantum XY model    
Baxter, PRL 26, 834 (1971)

  Δ≠0: 

U, h≠0:

non-abelian integrability is (probably) broken 

integrability is broken

critical

Δ

𝛾

𝛾=0, |Δ|≤1 
|𝛾|=|Δ|-1



Mean-field description

Bertini and MF, JSTAT (2015) P07012

under two mild assumptions: pre-relaxation limit

formally
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Mean-field description

Bertini and MF, JSTAT (2015) P07012

the initial condition is the GGE 
of the unperturbed model

under two mild assumptions:

• quasi-local 
• linear combination of the local charges of 
the unperturbed model (XY model) 

• the coefficients are the solution of an 
infinite system of quadratic differential 
equations  

• new timescale Δt

the GGE time evolves under a time-
dependent mean-field Hamiltonian

noninteracting dynamics!

pre-relaxation limit

formally
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FIG. 6: Evolution of the average magnetization mz after a quench from the Néel state to the Hamiltonian (3) with parameters
U = 0, � = 0.75, h = 0.75 (left panel) and U = 0.25, � = 2, h = 1 (right panel) for di↵erent “small” values of the interactions
�. The symbols are the iTEBD numerical results, compared with the MF approximation starting from the initial state (thin
colored lines). The thick red lines are the MF prediction starting form the unperturbed initial GGE (dotted lines). All data
set for � > 0.05 (� > 0.025) in the left (right) panel, and the corresponding MF curves, are vertically shifted for the sake of
clarity.
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FIG. 7: Evolution of the von Neumann entropy for a subsystem with number of sites ` = 1 after a quench from the Néel
state to the Hamiltonian (3) with parameters U = 0, � = 0.75, h = 0.75 (left panel) and U = 0.25, � = 2, h = 1 (right
panel) for di↵erent “small” values of the interactions �. The symbols are the iTEBD numerical results, compared with the MF
approximation starting from the initial state (thin colored lines). The thick red lines are the MF prediction starting form the
unperturbed initial GGE (dotted lines). All data set for � > 0.05 (� > 0.025) in the left (right) panel, and the corresponding
MF curves, are vertically shifted for the sake of clarity.

agreement with the theoretical predictions.

Although the comparison between the iTEBD simula-
tions and the mean-field dynamics for the time evolution
of the entanglement entropies was satisfactory, we also
carried out a meticulous analysis of the scaling proper-
ties of the distance D(⇢`, ⇢MF

` ) (see Eq. (33)) between the
iTEBD reduced density matrices and the those obtained

via (73).

In Fig 11 we show the time evolution of D(⇢`, ⇢MF

` ) for
di↵erent values of ` and �. In the regime of validity of
mean-field �`/(2|� � 1|) . �t . ��1 (the lower bound
is for the mean-field (20)), the distance D(⇢`, ⇢MF

` ) is re-
duced in magnitude as � becomes smaller and smaller.
Moreover, for fixed �, the distance increases as the sub-

non integrable  (for Δ≠0)e�iHt |"# · · · "#i

H =
X

`

1.75sx
`

sx
`+1 + 0.25sy

`

sy
`+1 +�(sz
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sz
`+1 + 0.75sz
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)

mean-field describes the mysterious plateau!

MF and Collura, arXiv:1507.02678
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system length becomes larger.

If the assumptions behind (20) are satisfied, for � ! 0
the distance between the two reduced density matrices
should vanish. Showing the base-� logarithm of the dis-
tance for a sequence of � at fixed ratio between the one
and the next (� = 0.2 · 2�n) is the way that we chose to
bring out this fact: a nonzero limiting distance would re-
sult in the logarithm to approach zero as ⇠ 1/(n + 2.3),
which can be fairly recognized by sight (instead, the log-
arithm remains nonzero if the distance scales as a power
law in �). Our impression based on the analysis of the
insets of Fig. 11 is that the data are more compatible
with the distance approaching zero as a power law in
� instead of reaching a nonzero value that might have
signaled some issues in the hypotheses behind (20).

VIII. PERSISTENT OSCILLATIONS

As briefly discussed in Section IV, there are situations
in which the solution of the mean-field equations displays
persistent oscillatory behavior at arbitrarily large times.
In Ref. [9] persistent oscillations have been interpreted
as manifestations of localized (quasi-)excitations. Fol-
lowing that point of view, the oscillatory behavior is not
expected to modify the extensive part of the entangle-
ment entropy. We test this conjecture on two quenches:

(c) Time evolution of the ground state of the Majumdar-
Ghosh Hamiltonian (� = ⇡

2

and � = ⇡ in (24), in the
following referred to as MG) under the Hamiltonian
(3) with � = 0.5, h = 0.5 and U = 0.5.

(d) Initial state that breaks reflection symmetry, namely
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FIG. 11: (Main) The distance in Eq.(33) between the exact RDM and the one obtained via the intermediate MF description
in Eq. (73) for subsystems with number of sites ` = 2, 4, 6 after a quench from the Néel state to the Hamiltonian (3) with
parameters U = 0, � = 0.75, h = 0.75 (top) and U = 0.25, � = 2, h = 1 (bottom) for di↵erent “small” values of the interactions
�. Notice how, as � goes to zero, in the proper rescaled time-window, the distance reduces. (Inset) We plot the distance in
log

�

scale, highlighting its power-low behavior as a function of �. We refer to the main text for more details.

� = ⇡
3

and � = ⇡ in (24), with Hamiltonian parame-
ter � = 2, h = 0 and U = �1.5.

We briefly comment on the mean-field solution of the dy-
namics. In case (c) the nontrivial part of the dynamics

• At Δt  fixed, the numerical data approach the mean-field ones as Δ→ 0 

• The larger the subsystem, the larger the corrections 

• A closer look reveals that the entropies per unit length approach a 
function of Δt/𝓁

MF and Collura, arXiv:1507.02678
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dashed vertical line is (65). (Right) Another quench that leads to local relaxation (in the pre-relaxation limit) but with more
pronounced oscillations; data are still compatible with the scaling law (6).
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model, however in actual numerical simulations this in-
troduces relevant corrections that can spoil the agree-
ment with the asymptotic values. Here we discuss the
entity of such corrections by considering an intermediate
mean-field approximation, in which the initial state is not
replaced by ⇢MF(0), as instead done in (20). We consider

the following system:

hOi
MF

(t) = h 
MF

(t)|O| 
MF

(t)i
i@t | 

MF

(t)i = HMF(�t) | 
MF

(t)i
| 

MF

(0)i = | 
0

i .

(73)

Di↵erently from (20), we have not written the equations
in terms of the rescaled time T = �t. This choice re-
flects the fact that the mean-field time evolution of | 

0

i

linear growth followed by saturation!?

mean-field time evolution

MF and Collura, arXiv:1507.02678
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model, however in actual numerical simulations this in-
troduces relevant corrections that can spoil the agree-
ment with the asymptotic values. Here we discuss the
entity of such corrections by considering an intermediate
mean-field approximation, in which the initial state is not
replaced by ⇢MF(0), as instead done in (20). We consider

the following system:

hOi
MF

(t) = h 
MF

(t)|O| 
MF

(t)i
i@t | 

MF

(t)i = HMF(�t) | 
MF

(t)i
| 

MF

(0)i = | 
0

i .

(73)

Di↵erently from (20), we have not written the equations
in terms of the rescaled time T = �t. This choice re-
flects the fact that the mean-field time evolution of | 

0

i

linear growth followed by saturation!?

YES!

2

ically a↵ect the values of the entropies at infinite time
after the quench.

It is widely believed that at late times after global
quenches in generic models local degrees of freedom can
be described by a Gibbs ensemble (GE) with an e↵ec-
tive temperature depending on the initial state. In in-
tegrable models, instead, infinite information about the
initial state is retained and the stationary properties
are described by a generalized Gibbs ensemble (GGE)
constrained by infinitely many (quasi-)local conservation
laws. Among the integrable models it is also convenient
to distinguish the ones with an infinite number of lo-
cal conservation laws that satisfy a non-abelian algebra4,
which will be refereed to as non-abelian integrable mod-
els5. Also in the latter case a GGE is expected to de-
scribe the stationary properties of local observables, but
infinitely more information about the initial state than
usual is retained at late times. Clearly, the entangle-
ment entropies are very sensitive to constraints on the
dynamics, and indeed relaxation to a GE, a GGE, or a
“non-abelian” GGE result in di↵erent asymptotic values.

Our strategy is to perturb the Hamiltonian in such
a way that the limit of infinite time does not commute
with the limit of zero perturbation. One can then prop-
erly speak of hidden symmetry breaking for the station-
ary properties of observables after a global quench: in-
finitesimal perturbations determine macroscopically dif-
ferent stationary states. Here the attribute “hidden” is
an allusion to the very complex nature of the symmetries
underlying the phenomenon.

It is reasonable to expect that, as long as the time is
su�ciently large but much smaller than some character-
istic time determined by the perturbation, the entropies
settle close to the stationary values associated with the
unperturbed integrable model: the GGE of the unper-
turbed model is a good (local) approximation of the state.
On the other hand, if the perturbation breaks integrabil-
ity, at larger times the expectation values must reach the
values predicted by the GE. When instead the perturba-
tion breaks non-abelian integrability, the earliest plateau
of quasi-stationarity is associated with a GGE that in-
cludes also the non-commuting conservation laws of the
unperturbed model; after that, the relaxation process to
a less constrained GGE (and finally to a GE, if the per-
turbation breaks integrability as well) ensues. Therefore,
we recognize the strength of a perturbation that breaks
integrability or non-abelian integrability as a relevant pa-
rameter to the late time behavior of local observables and
entanglement entropies.

Since infinitesimal perturbations are su�cient to trig-
ger o↵ a crossover between macroscopically di↵erent en-
sembles, we expect most of the details of the system and
of the perturbation to be irrelevant. This in an indication
that the time evolution of the entanglement entropies in
the time window of the crossover could display some form
of universality.

a. The model. We consider the Hamiltonian of the
XYZ model

H
�

=
X
`

1 + �

4
�x
` �

x
`+1

+
1 � �

4
�y
` �

y
`+1

+
�

4
�z
`�

z
`+1

, (1)

where �↵
` act like Pauli matrices on site ` and like the

identity elsewhere. We have not explicitly shown an over-
all multiplicative constant with the dimensions of an en-
ergy, which can be viewed as implicitly attached to the
time. The XYZ spin- 1

2

chain is an interacting integrable
model that can be solved by Bethe ansatz6. For � = 0 it
is reduced to the quantum XY model and can be mapped
to a noninteracting chain of spinless fermions7. The XY
model has an infinite non-abelian set of local conservation
laws4, so, in the limit �! 0, (1) describes a non-abelian
integrable model. We also consider two perturbations
that break integrability (for generic � and �):

Sz·z =
1

4

X
`

�z
`�

z
`+2

and Sz =
1

2

X
`

�z
` . (2)

Thus, in its most general form, the Hamiltonian reads as

H = H
�

+�(USz·z + hSz) . (3)

We multiplied the terms that (are supposed to) break
non-abelian integrability by �, so � is expected to char-
acterize the timescale at which the hidden symmetry
breaking becomes manifest. On the other hand, for h or
U di↵erent from zero, relaxation to a thermal ensemble
generally occurs on much longer timescales that depend
on �U and �h in a di↵erent way (the results of Ref. [8]
suggest timescales ⇠ (�U)�2, (�h)�2).

In Refs [4,9] some e↵ects of hidden symmetry breaking
have been identified in the time evolution of local observ-
ables, provided that the initial state is dimerized, like the
ground state of H

�

in the antiferromagnetic phase. A
posteriori, this explains why the original investigations3

on the time evolution of the entropy from one-site shift
invariant states in the XY model didn’t show any pe-
culiar behavior beyond the scaling limit of Ref. [1]. We
therefore consider dimerized initial states.

b. Results. The main result of this paper is that
perturbations breaking non-abelian integrability have a
clear e↵ect on the time evolution of the entanglement
entropies. Indicating by

⇢` = Tr
¯A[| (t)i h (t)|] (4)

the reduced density matrix of a subsystem A consisting
of ` (adjacent) spins (Ā is the complement of A) and by

S(↵)

` =
Tr⇢↵`
1 � ↵

(5)

the corresponding Rényi entropies (the von Neumann en-

tropy being S` = lim↵!1

+ S(↵)

` ), up to corrections that
approach zero in the limit of small perturbation, we find

S(↵)

` (t)

`
!

8><>:
(↵)

0

t
` 1 ⌧ t < `

2v
M

(⌧ ��1)

�(↵)

0

+ (↵)

1

�t
` 1 ⌧ �t < `

2ṽ
M

�(↵)

1

`
2ṽ

M

⌧ �t ⇠ O(�0) .

(6)
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model, however in actual numerical simulations this in-
troduces relevant corrections that can spoil the agree-
ment with the asymptotic values. Here we discuss the
entity of such corrections by considering an intermediate
mean-field approximation, in which the initial state is not
replaced by ⇢MF(0), as instead done in (20). We consider

the following system:

hOi
MF
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MF
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Di↵erently from (20), we have not written the equations
in terms of the rescaled time T = �t. This choice re-
flects the fact that the mean-field time evolution of | 
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ically a↵ect the values of the entropies at infinite time
after the quench.

It is widely believed that at late times after global
quenches in generic models local degrees of freedom can
be described by a Gibbs ensemble (GE) with an e↵ec-
tive temperature depending on the initial state. In in-
tegrable models, instead, infinite information about the
initial state is retained and the stationary properties
are described by a generalized Gibbs ensemble (GGE)
constrained by infinitely many (quasi-)local conservation
laws. Among the integrable models it is also convenient
to distinguish the ones with an infinite number of lo-
cal conservation laws that satisfy a non-abelian algebra4,
which will be refereed to as non-abelian integrable mod-
els5. Also in the latter case a GGE is expected to de-
scribe the stationary properties of local observables, but
infinitely more information about the initial state than
usual is retained at late times. Clearly, the entangle-
ment entropies are very sensitive to constraints on the
dynamics, and indeed relaxation to a GE, a GGE, or a
“non-abelian” GGE result in di↵erent asymptotic values.

Our strategy is to perturb the Hamiltonian in such
a way that the limit of infinite time does not commute
with the limit of zero perturbation. One can then prop-
erly speak of hidden symmetry breaking for the station-
ary properties of observables after a global quench: in-
finitesimal perturbations determine macroscopically dif-
ferent stationary states. Here the attribute “hidden” is
an allusion to the very complex nature of the symmetries
underlying the phenomenon.

It is reasonable to expect that, as long as the time is
su�ciently large but much smaller than some character-
istic time determined by the perturbation, the entropies
settle close to the stationary values associated with the
unperturbed integrable model: the GGE of the unper-
turbed model is a good (local) approximation of the state.
On the other hand, if the perturbation breaks integrabil-
ity, at larger times the expectation values must reach the
values predicted by the GE. When instead the perturba-
tion breaks non-abelian integrability, the earliest plateau
of quasi-stationarity is associated with a GGE that in-
cludes also the non-commuting conservation laws of the
unperturbed model; after that, the relaxation process to
a less constrained GGE (and finally to a GE, if the per-
turbation breaks integrability as well) ensues. Therefore,
we recognize the strength of a perturbation that breaks
integrability or non-abelian integrability as a relevant pa-
rameter to the late time behavior of local observables and
entanglement entropies.

Since infinitesimal perturbations are su�cient to trig-
ger o↵ a crossover between macroscopically di↵erent en-
sembles, we expect most of the details of the system and
of the perturbation to be irrelevant. This in an indication
that the time evolution of the entanglement entropies in
the time window of the crossover could display some form
of universality.

a. The model. We consider the Hamiltonian of the
XYZ model

H
�

=
X
`

1 + �

4
�x
` �

x
`+1

+
1 � �

4
�y
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`+1
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, (1)

where �↵
` act like Pauli matrices on site ` and like the

identity elsewhere. We have not explicitly shown an over-
all multiplicative constant with the dimensions of an en-
ergy, which can be viewed as implicitly attached to the
time. The XYZ spin- 1

2

chain is an interacting integrable
model that can be solved by Bethe ansatz6. For � = 0 it
is reduced to the quantum XY model and can be mapped
to a noninteracting chain of spinless fermions7. The XY
model has an infinite non-abelian set of local conservation
laws4, so, in the limit �! 0, (1) describes a non-abelian
integrable model. We also consider two perturbations
that break integrability (for generic � and �):

Sz·z =
1

4

X
`

�z
`�

z
`+2

and Sz =
1

2

X
`

�z
` . (2)

Thus, in its most general form, the Hamiltonian reads as

H = H
�

+�(USz·z + hSz) . (3)

We multiplied the terms that (are supposed to) break
non-abelian integrability by �, so � is expected to char-
acterize the timescale at which the hidden symmetry
breaking becomes manifest. On the other hand, for h or
U di↵erent from zero, relaxation to a thermal ensemble
generally occurs on much longer timescales that depend
on �U and �h in a di↵erent way (the results of Ref. [8]
suggest timescales ⇠ (�U)�2, (�h)�2).

In Refs [4,9] some e↵ects of hidden symmetry breaking
have been identified in the time evolution of local observ-
ables, provided that the initial state is dimerized, like the
ground state of H

�

in the antiferromagnetic phase. A
posteriori, this explains why the original investigations3

on the time evolution of the entropy from one-site shift
invariant states in the XY model didn’t show any pe-
culiar behavior beyond the scaling limit of Ref. [1]. We
therefore consider dimerized initial states.

b. Results. The main result of this paper is that
perturbations breaking non-abelian integrability have a
clear e↵ect on the time evolution of the entanglement
entropies. Indicating by

⇢` = Tr
¯A[| (t)i h (t)|] (4)

the reduced density matrix of a subsystem A consisting
of ` (adjacent) spins (Ā is the complement of A) and by

S(↵)

` =
Tr⇢↵`
1 � ↵

(5)

the corresponding Rényi entropies (the von Neumann en-

tropy being S` = lim↵!1

+ S(↵)

` ), up to corrections that
approach zero in the limit of small perturbation, we find

S(↵)

` (t)

`
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8><>:
(↵)
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` 1 ⌧ t < `
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the scaling limit Δt ~ 𝓁 can be worked out analytically

the mean-field Hamiltonian becomes stationary

interesting problem to overcome (no time to discuss it):  
explicit time dependence in the mean-field Hamiltonian

mean-field time evolution
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gives in fact the same entropy (per unit length) of the
GGE of the unperturbed model

S`(T = 0)

`
⇡

Z ⇡

�⇡

dk

2⇡

1

4
Tr[H (�MF(k, 0))] . (60)

On the other hand, the scaling limit in which the
rescaled time T = �t is comparable with ` can not be
worked out using (58): the symbol depends on a param-
eter comparable with the matrix size. This is the point
where the mapping described in the previous section re-
veals its importance: having mapped the problem into a
sudden quench, we are in a position to apply the method
proposed firstly in Ref. [3], and slightly generalized in
Ref. [13]. In particular, Refs [3,13] considered (2`)⇥ (2`)
block Toeplitz matrix T with su�ciently regular 2-by-2
symbols t(1)(k, t) of the form

t(1)(k, t) ⇠ ei~⇣(k)·~�[nx(k)�x + ~n?(k) · ~�e2i✏
i

(k)t]e�i~⇣(k)·~� ,
(61)

and worked out the limit 1 ⌧ ` ⇠ t for the trace of the
powers of T, obtaining the following result

Tr[T2n(t)]

2`
!

Z ⇡

�⇡

dk

2⇡
max(1 � 2|✏0(k)| t

`
, 0)|~n(k)|2n

+

Z ⇡

�⇡

dk

2⇡
min(1, 2|✏0(k)| t

`
)n2n

x (k) , (62)

where |~n(k)|2 = n2

x(k) + |~n?(k)|2.
In our context translation invariance is realized by a

two-site shift and, in turn, the correlation matrix has (at
least) a 4-by-4 symbol. In fact this is not an issue be-
cause, even in this case, the symbol follows an SU(2)
dynamics (because of reflection symmetry), which is the
main property used in the derivation of (62). The trick
is essentially to replace the Pauli matrices that appear
in the 2-by-2 symbol (61) of the original proof (we refer
the interested reader to Section 3.1 of Ref. [13]) by the
appropriate combinations of the Q

2,7,8, whose square is
indeed proportional to the identity, like for the Pauli ma-
trices. The only subtlety to take care of is that now the
local space has dimension 4 and the length appearing in
the expression is half of the subsystem length, being each
point associated with two sites.

For rH ⌧ ` ⇠ �t ⇠ O(�0) we then find that the von
Neumann entropy asymptotically behaves as follows

S`(t)

`
⇡

Z ⇡

�⇡

dk

2⇡
H (⌃

0

(k))

+

Z ⇡

�⇡

dk

2⇡
min

⇣
4|E 0

k|�t

`
, 1
⌘h

H (⌃1(k)) � H (⌃
0

(k))
i

(63)

The Rényi entropies S(↵)

` = log Tr⇢↵

1�↵ have the same func-
tional form of (63), provided that the function H (x) is
replaced with

H↵(x) =
1

1 � ↵
log

⇣⇣1 + x

2

⌘↵
+

⇣1 � x

2

⌘↵⌘
. (64)

The factor 4 in the second line of (63) is because now
each point is associated with two sites. One imme-
diate consequence is that the actual maximal velocity
at which information propagates (in the pre-relaxation
limit) is double of the velocity associated with (55), i.e.
ṽM = 2 maxk |E 0

k|. The time at which the linear behavior
is lost is therefore given by

tM =
`

4�maxk |E 0
k| . (65)

The functions ⌃
0

(k) and ⌃1(k) are the eigenvalues of the
symbol of the correlation matrix at the initial (rescaled)
time and at infinite (rescaled) time, respectively (notice
that the 4-by-4 symbol of the correlation matrix has two
doubly degenerate eigenvalues that di↵er only for the
sign). In particular we have

⌃
0

(k) = 2

s
�2

2

(k)

cos2

k
2

"2

k

+
�2

7

(k)

sin2 k
+

�2

8

(k)

sin2 k
2

"2

k

= �
sin k

2

"k
,

(66)
where �j(k) are given in (54) and the last equality reflects
the equivalence with the unperturbed GGE (60).

Despite Eq. (63) depending on dynamical parameters
that are unknown a priori, it is in fact an impressive
result: the unknown variables do not a↵ect the functional
form of the entropy, which follows a linear behavior until
tM and then saturates to a stationary value. This is
exactly the type of universality that we were seeking in
the late time evolution of the entanglement entropies.

Finally, we propose a minimal refinement of (63) that
combines the two scaling limit 1 ⌧ ` ⇠ t and 1 ⌧ ` ⇠ �t:

S`(t)

`
⇡

Z ⇡

�⇡

dk

2⇡
min

⇣
4|"0k| t

`
, 1
⌘
H (⌃

0

(k))

+

Z ⇡

�⇡

dk

2⇡
min

⇣
4|E 0

k|�t

`
, 1
⌘h

H (⌃1(k))�H (⌃
0

(k))
i

.

(67)

This is the quantitative analogue of (6).

3. A case study

In order to use (63), we need another ingredient,
namely the symbol of the correlation matrix that emerges
at infinite (rescaled) time. We will consider an example
in which one-site shift invariance is restored, i.e. the
staggered magnetization approaches zero mz,s = 0 and
the magnetization relaxes to a stationary value. By in-
specting (52) we find cos⌦k = 0, sin⌦k = sgn(h + 2mz),
y

2

(k, t) becoming stationary and y
7,8(k, t) keeping oscil-

lating with frequency 2Ek.
First of all we evaluate the large time behavior of

the maximal velocity v(⌧) of H(⌧) (47), so as to check
whether the sudden quench description from the extrap-
olated density matrix (49) can be used. The dispersion

dispersion relation of the unperturbed model

dynamical quantities 
(extrapolated from the numerical 
solution of the mean-field equations)

“cross section” for the production 
of pairs of quasi-particles for Δ= 0

Asymptotic expression
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ically a↵ect the values of the entropies at infinite time
after the quench.

It is widely believed that at late times after global
quenches in generic models local degrees of freedom can
be described by a Gibbs ensemble (GE) with an e↵ec-
tive temperature depending on the initial state. In in-
tegrable models, instead, infinite information about the
initial state is retained and the stationary properties
are described by a generalized Gibbs ensemble (GGE)
constrained by infinitely many (quasi-)local conservation
laws. Among the integrable models it is also convenient
to distinguish the ones with an infinite number of lo-
cal conservation laws that satisfy a non-abelian algebra4,
which will be refereed to as non-abelian integrable mod-
els5. Also in the latter case a GGE is expected to de-
scribe the stationary properties of local observables, but
infinitely more information about the initial state than
usual is retained at late times. Clearly, the entangle-
ment entropies are very sensitive to constraints on the
dynamics, and indeed relaxation to a GE, a GGE, or a
“non-abelian” GGE result in di↵erent asymptotic values.

Our strategy is to perturb the Hamiltonian in such
a way that the limit of infinite time does not commute
with the limit of zero perturbation. One can then prop-
erly speak of hidden symmetry breaking for the station-
ary properties of observables after a global quench: in-
finitesimal perturbations determine macroscopically dif-
ferent stationary states. Here the attribute “hidden” is
an allusion to the very complex nature of the symmetries
underlying the phenomenon.

It is reasonable to expect that, as long as the time is
su�ciently large but much smaller than some character-
istic time determined by the perturbation, the entropies
settle close to the stationary values associated with the
unperturbed integrable model: the GGE of the unper-
turbed model is a good (local) approximation of the state.
On the other hand, if the perturbation breaks integrabil-
ity, at larger times the expectation values must reach the
values predicted by the GE. When instead the perturba-
tion breaks non-abelian integrability, the earliest plateau
of quasi-stationarity is associated with a GGE that in-
cludes also the non-commuting conservation laws of the
unperturbed model; after that, the relaxation process to
a less constrained GGE (and finally to a GE, if the per-
turbation breaks integrability as well) ensues. Therefore,
we recognize the strength of a perturbation that breaks
integrability or non-abelian integrability as a relevant pa-
rameter to the late time behavior of local observables and
entanglement entropies.

Since infinitesimal perturbations are su�cient to trig-
ger o↵ a crossover between macroscopically di↵erent en-
sembles, we expect most of the details of the system and
of the perturbation to be irrelevant. This in an indication
that the time evolution of the entanglement entropies in
the time window of the crossover could display some form
of universality.

a. The model. We consider the Hamiltonian of the
XYZ model

H
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X
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1 + �
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�x
` �

x
`+1

+
1 � �

4
�y
` �

y
`+1

+
�

4
�z
`�

z
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, (1)

where �↵
` act like Pauli matrices on site ` and like the

identity elsewhere. We have not explicitly shown an over-
all multiplicative constant with the dimensions of an en-
ergy, which can be viewed as implicitly attached to the
time. The XYZ spin- 1

2

chain is an interacting integrable
model that can be solved by Bethe ansatz6. For � = 0 it
is reduced to the quantum XY model and can be mapped
to a noninteracting chain of spinless fermions7. The XY
model has an infinite non-abelian set of local conservation
laws4, so, in the limit �! 0, (1) describes a non-abelian
integrable model. We also consider two perturbations
that break integrability (for generic � and �):

Sz·z =
1

4

X
`
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`+2

and Sz =
1

2

X
`

�z
` . (2)

Thus, in its most general form, the Hamiltonian reads as

H = H
�

+�(USz·z + hSz) . (3)

We multiplied the terms that (are supposed to) break
non-abelian integrability by �, so � is expected to char-
acterize the timescale at which the hidden symmetry
breaking becomes manifest. On the other hand, for h or
U di↵erent from zero, relaxation to a thermal ensemble
generally occurs on much longer timescales that depend
on �U and �h in a di↵erent way (the results of Ref. [8]
suggest timescales ⇠ (�U)�2, (�h)�2).

In Refs [4,9] some e↵ects of hidden symmetry breaking
have been identified in the time evolution of local observ-
ables, provided that the initial state is dimerized, like the
ground state of H

�

in the antiferromagnetic phase. A
posteriori, this explains why the original investigations3

on the time evolution of the entropy from one-site shift
invariant states in the XY model didn’t show any pe-
culiar behavior beyond the scaling limit of Ref. [1]. We
therefore consider dimerized initial states.

b. Results. The main result of this paper is that
perturbations breaking non-abelian integrability have a
clear e↵ect on the time evolution of the entanglement
entropies. Indicating by
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the reduced density matrix of a subsystem A consisting
of ` (adjacent) spins (Ā is the complement of A) and by
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(5)

the corresponding Rényi entropies (the von Neumann en-

tropy being S` = lim↵!1

+ S(↵)

` ), up to corrections that
approach zero in the limit of small perturbation, we find
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gives in fact the same entropy (per unit length) of the
GGE of the unperturbed model

S`(T = 0)

`
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Z ⇡
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1

4
Tr[H (�MF(k, 0))] . (60)

On the other hand, the scaling limit in which the
rescaled time T = �t is comparable with ` can not be
worked out using (58): the symbol depends on a param-
eter comparable with the matrix size. This is the point
where the mapping described in the previous section re-
veals its importance: having mapped the problem into a
sudden quench, we are in a position to apply the method
proposed firstly in Ref. [3], and slightly generalized in
Ref. [13]. In particular, Refs [3,13] considered (2`)⇥ (2`)
block Toeplitz matrix T with su�ciently regular 2-by-2
symbols t(1)(k, t) of the form

t(1)(k, t) ⇠ ei~⇣(k)·~�[nx(k)�x + ~n?(k) · ~�e2i✏
i

(k)t]e�i~⇣(k)·~� ,
(61)

and worked out the limit 1 ⌧ ` ⇠ t for the trace of the
powers of T, obtaining the following result
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where |~n(k)|2 = n2

x(k) + |~n?(k)|2.
In our context translation invariance is realized by a

two-site shift and, in turn, the correlation matrix has (at
least) a 4-by-4 symbol. In fact this is not an issue be-
cause, even in this case, the symbol follows an SU(2)
dynamics (because of reflection symmetry), which is the
main property used in the derivation of (62). The trick
is essentially to replace the Pauli matrices that appear
in the 2-by-2 symbol (61) of the original proof (we refer
the interested reader to Section 3.1 of Ref. [13]) by the
appropriate combinations of the Q

2,7,8, whose square is
indeed proportional to the identity, like for the Pauli ma-
trices. The only subtlety to take care of is that now the
local space has dimension 4 and the length appearing in
the expression is half of the subsystem length, being each
point associated with two sites.

For rH ⌧ ` ⇠ �t ⇠ O(�0) we then find that the von
Neumann entropy asymptotically behaves as follows
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The Rényi entropies S(↵)

` = log Tr⇢↵

1�↵ have the same func-
tional form of (63), provided that the function H (x) is
replaced with

H↵(x) =
1

1 � ↵
log

⇣⇣1 + x

2
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+

⇣1 � x

2
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The factor 4 in the second line of (63) is because now
each point is associated with two sites. One imme-
diate consequence is that the actual maximal velocity
at which information propagates (in the pre-relaxation
limit) is double of the velocity associated with (55), i.e.
ṽM = 2 maxk |E 0

k|. The time at which the linear behavior
is lost is therefore given by

tM =
`

4�maxk |E 0
k| . (65)

The functions ⌃
0

(k) and ⌃1(k) are the eigenvalues of the
symbol of the correlation matrix at the initial (rescaled)
time and at infinite (rescaled) time, respectively (notice
that the 4-by-4 symbol of the correlation matrix has two
doubly degenerate eigenvalues that di↵er only for the
sign). In particular we have
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(66)
where �j(k) are given in (54) and the last equality reflects
the equivalence with the unperturbed GGE (60).

Despite Eq. (63) depending on dynamical parameters
that are unknown a priori, it is in fact an impressive
result: the unknown variables do not a↵ect the functional
form of the entropy, which follows a linear behavior until
tM and then saturates to a stationary value. This is
exactly the type of universality that we were seeking in
the late time evolution of the entanglement entropies.

Finally, we propose a minimal refinement of (63) that
combines the two scaling limit 1 ⌧ ` ⇠ t and 1 ⌧ ` ⇠ �t:
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(67)

This is the quantitative analogue of (6).

3. A case study

In order to use (63), we need another ingredient,
namely the symbol of the correlation matrix that emerges
at infinite (rescaled) time. We will consider an example
in which one-site shift invariance is restored, i.e. the
staggered magnetization approaches zero mz,s = 0 and
the magnetization relaxes to a stationary value. By in-
specting (52) we find cos⌦k = 0, sin⌦k = sgn(h + 2mz),
y

2

(k, t) becoming stationary and y
7,8(k, t) keeping oscil-

lating with frequency 2Ek.
First of all we evaluate the large time behavior of

the maximal velocity v(⌧) of H(⌧) (47), so as to check
whether the sudden quench description from the extrap-
olated density matrix (49) can be used. The dispersion

dispersion relation of the unperturbed model
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• Prethermalization/pre-relaxation: there is much more than plateaux! 

• We don’t need to give up integrability to study crossovers of pre-relaxation 

• In the pre-relaxation limit the entanglement entropy of subsystems exhibits 
some form of universality

Summary (and things to remember...)
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FIG. 1: Simplified space-time picture illustrating the scaling
behavior (6) of the entanglement entropy between an interval
A and the rest of the system B. The non-abelian integrability
of the unperturbed model is manifested by the fact that at the
initial time two pairs of quasiparticles (black and red arrows),
correlated with one another, with almost identical velocity
and traveling in both directions are emitted from each point
(which represents two sites). The light orange region (biggest
background triangle) shows the subsystems (symmetric about
the centre) that can be approximately described by the sta-
tionary state emerging in the absence of perturbations (for
which the velocities of the black and red quasiparticles would
have been exactly equal). In that regime only the correlations
between the pairs of particles traveling in opposite directions
are important (see e.g. the subsystem, horizontal thick line,
at earlier times). However, at larger times the contributions
from the cases (highlighted by red circles at the top of the
diagram) in which a single particle (of the four) crosses the
subsystem are no more negligible. Such contributions increase
linearly in time up to the time at which no pair of quasipar-
ticles originated at the same point can cross the subsystem
together. After that a new equilibrium is reached and the
subsystems can be approximately described by a stationary
state that in some cases is the GGE of the full Hamiltonian
(the green region, namely the smallest background triangle).
The pre-relaxation limit describes the crossover between the
light orange region and the green one.

of quasiparticles originated from the same point are not
entangled. In noninteracting quenches with one-site shift
invariance one can convince oneself of this property by
simply writing the initial state in a basis that diagonal-
izes the Hamiltonian. The same argument can be gen-
eralized to a class of quenches starting from squeezed
initial states but, considering the level of generality of
the description, the incoherence of pairs does not seem
to be heuristically justifiable. Taking that assumption
for granted, the qualitative behavior of the entanglement
entropy can be understood in terms of the motion of the
quasiparticle excitations. Since the entropy measures the

entanglement between a subsystem and the rest, it should
be proportional to the number of entangled quasiparti-
cles that, at a given time t, are both inside and outside
the subsystem. This simplified picture explains the linear
growth followed by saturation observed in the space-time
scaling limit 1 ⌧ ` ⇠ t, at least in the integrable case.

We borrow this physical interpretation and propose
some modifications that allow us to understand the be-
havior claimed in (6). Since now translation invariance
is realized by a two-site shift, each point of the e↵ec-
tive description corresponds to two chain sites and, in
turn, the number of quasi-particles originated from the
same point is doubled. Non-abelian integrability (of the
unperturbed model) is manifested by the presence of en-
tanglement between pairs of pairs of quasiparticles. This
is a consequence of the freedom in the choice of the basis
diagonalizing the Hamiltonian and identifying di↵erent
abelian subsets of charges. The change of basis is indeed
equivalent to mixing pairs of quasiparticles (in the free-
fermion language, this corresponds to mixing excitations
b†

k with b†
k+⇡).

As depicted in Fig. 1 and explained in its caption, this
results in linear behavior followed by saturation also in
the pre-relaxation limit. There are however some di↵er-
ences with respect to the usual situation:

1. Being � ⌧ 1, at times t ⇠ ��1 the initial state
can be replaced by the stationary state that locally
emerges when time evolution is generated by the
unperturbed Hamiltonian H

0

, i.e. ⇢MF(0) in (20)
(in Fig. 1, quasiparticles that contribute to the
entanglement pass through the light orange region).

2. The time is replaced by the rescaled time �t (in
Fig. 1, the angle between the black and red arrows
is O(�)).

3. The time of linearity per unit length is not related
to the maximal velocity at which information prop-
agates (in Fig. 1, the angle between red and black
arrows per unit of � is not in relation to the direc-
tion of the arrows).

b. Oscillations. While for noninteracting perturba-
tions like Sz relaxation is the norm, it is very common
to find persistent oscillatory behavior when the pertur-
bations consist of interacting terms. If we insist on the
interpretation sketched in Figure 1, we realize that os-
cillations should not a↵ect the behavior of the extensive
part of the entropy. Indeed we can imagine to deform
the quasiparticle trajectories including some oscillatory
behavior. The amplitude of the oscillations would de-
pend on the quench parameters but not on the subsys-
tem length. As a consequence, the e↵ects of oscillations
would be concentrated on the boundaries of the subsys-
tem, modifying just the leading correction O(`0) to the
entanglement entropies. This conjecture will be corrob-
orated by a numerical analysis of the mean-field solution
of the problem reported in Section VIII.

• The time evolution of the entropy can 
be understood by generalizing the 
Calabrese-Cardy interpretation 

• Corrections have not yet been 
analysed: can the leading correction 
be included by deforming the local 
charges in the time-dependent GGE?
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A and the rest of the system B. The non-abelian integrability
of the unperturbed model is manifested by the fact that at the
initial time two pairs of quasiparticles (black and red arrows),
correlated with one another, with almost identical velocity
and traveling in both directions are emitted from each point
(which represents two sites). The light orange region (biggest
background triangle) shows the subsystems (symmetric about
the centre) that can be approximately described by the sta-
tionary state emerging in the absence of perturbations (for
which the velocities of the black and red quasiparticles would
have been exactly equal). In that regime only the correlations
between the pairs of particles traveling in opposite directions
are important (see e.g. the subsystem, horizontal thick line,
at earlier times). However, at larger times the contributions
from the cases (highlighted by red circles at the top of the
diagram) in which a single particle (of the four) crosses the
subsystem are no more negligible. Such contributions increase
linearly in time up to the time at which no pair of quasipar-
ticles originated at the same point can cross the subsystem
together. After that a new equilibrium is reached and the
subsystems can be approximately described by a stationary
state that in some cases is the GGE of the full Hamiltonian
(the green region, namely the smallest background triangle).
The pre-relaxation limit describes the crossover between the
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of quasiparticles originated from the same point are not
entangled. In noninteracting quenches with one-site shift
invariance one can convince oneself of this property by
simply writing the initial state in a basis that diagonal-
izes the Hamiltonian. The same argument can be gen-
eralized to a class of quenches starting from squeezed
initial states but, considering the level of generality of
the description, the incoherence of pairs does not seem
to be heuristically justifiable. Taking that assumption
for granted, the qualitative behavior of the entanglement
entropy can be understood in terms of the motion of the
quasiparticle excitations. Since the entropy measures the

entanglement between a subsystem and the rest, it should
be proportional to the number of entangled quasiparti-
cles that, at a given time t, are both inside and outside
the subsystem. This simplified picture explains the linear
growth followed by saturation observed in the space-time
scaling limit 1 ⌧ ` ⇠ t, at least in the integrable case.

We borrow this physical interpretation and propose
some modifications that allow us to understand the be-
havior claimed in (6). Since now translation invariance
is realized by a two-site shift, each point of the e↵ec-
tive description corresponds to two chain sites and, in
turn, the number of quasi-particles originated from the
same point is doubled. Non-abelian integrability (of the
unperturbed model) is manifested by the presence of en-
tanglement between pairs of pairs of quasiparticles. This
is a consequence of the freedom in the choice of the basis
diagonalizing the Hamiltonian and identifying di↵erent
abelian subsets of charges. The change of basis is indeed
equivalent to mixing pairs of quasiparticles (in the free-
fermion language, this corresponds to mixing excitations
b†

k with b†
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As depicted in Fig. 1 and explained in its caption, this
results in linear behavior followed by saturation also in
the pre-relaxation limit. There are however some di↵er-
ences with respect to the usual situation:

1. Being � ⌧ 1, at times t ⇠ ��1 the initial state
can be replaced by the stationary state that locally
emerges when time evolution is generated by the
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is O(�)).

3. The time of linearity per unit length is not related
to the maximal velocity at which information prop-
agates (in Fig. 1, the angle between red and black
arrows per unit of � is not in relation to the direc-
tion of the arrows).

b. Oscillations. While for noninteracting perturba-
tions like Sz relaxation is the norm, it is very common
to find persistent oscillatory behavior when the pertur-
bations consist of interacting terms. If we insist on the
interpretation sketched in Figure 1, we realize that os-
cillations should not a↵ect the behavior of the extensive
part of the entropy. Indeed we can imagine to deform
the quasiparticle trajectories including some oscillatory
behavior. The amplitude of the oscillations would de-
pend on the quench parameters but not on the subsys-
tem length. As a consequence, the e↵ects of oscillations
would be concentrated on the boundaries of the subsys-
tem, modifying just the leading correction O(`0) to the
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