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Basic facts about (n + 1)-dimensional hyperbolic space:
I It is the (simply connected) Riemannian manifold with a metric g0 with

Sec = −1.
I In particular, it is an Einstein manifold: Ricg0 = −ng0.
I It is the ball Bn+1 := {z ∈ Rn+1 : |z | < 1} with the metric

g0 :=
|dz |2

(1− |z |2)2
.

I Given a boundary-defining function x , the rescaled metric ḡ0 := x2g0 extends
smoothly to Bn+1, so

Sn ≡ ∂Bn+1

is the conformal infinity of hyperbolic space, with conformal metric
h0 := canonical metric on Sn.

Definition

A boundary-defining function is a smooth function x : Bn+1 → R which is positive
in the interior and vanishes to first order on ∂Bn+1.

Basic example: x := 1− |z |2, or any multiple of it.



Tickling the hyperbolic space at infinity

Question (stability of the conformal infinity of hyperbolic space)

Let h be a metric on Sn “close” to the canonical one, h0. Is there an Einstein
metric g on Bn+1, close to the hyperbolic one g0, whose conformal infinity is given
by [h]?

Theorem (Graham & Lee) — Einstein metrics with prescribed conformal infinity

For any ε > 0 there exists δ > 0 such that, if h is a metric on Sn with
‖h − h0‖C k,α , there is an Einstein metric g on Bn+1 satisfying

Ricg = −ng ,

with ‖g − g0‖C k,α
δ

< ε and such that its conformal infinity is [h].

Open problem

Is there a Lorentzian analog of this theorem?
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Anti-de Sitter space

Lorentzian analog of hyperbolic space: anti-de Sitter space AdSn+1:

I The (simply connected) Lorentzian (n + 1)-manifold with a metric g0 with
Sec = −1.

I In particular, it satisfies the Einstein equation Ricg0 = −ng0.

I The solid cylinder R× Bn with negative constant curvature metric

g0 :=
−(1 + x2)2 dt2 + dx2 + (1− x2)2 gSn−1

x2
,

with x ∈ (0, 1] a boundary defining function.

I Conformal boundary:
{x = 0} = R× Sn−1 .

This is a timelike cylinder with the canonical metric −dt2 + gSn−1 .
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Our motivation: the holographic principle

I AdS/CFT correspondence (Maldacena & Witten 1998): a “gravity field” in
the bulk R×Bn is “holographically” determined by a “conformal gauge field”
on the boundary. (plus certain relations for correlation functions)

I For the Einstein equation: the conformal metric on the timelike boundary
determines an Einstein metric in the bulk.

(“Lorentzian Graham–Lee”)

I But often one gets by using Riemannian (and often scalar) versions of the
“holographic correspondence”. (more on this later)

Our goal:

To rigorously prove the holographic correspondence in a nontrivial Lorentzian
setting (ideally the Einstein equation).
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Which kind of mathematics is involved? (Some fast and dirty PDEs)

I Using DeTurck’s trick to fix the invariance under diffeomorphisms, the
Einstein equation is roughly a quasilinear equation:

gkl∂k∂lgij = Bij (g , ∂g) .

Warning: the coefficients are singular at x = 0:

“x2 ḡkl∂k∂lgij = Bij (g , ∂g)” .

I Imposing the conformal metric h at infinity basically means the singular
boundary value condition:

“x2 gij |x=0 = hij ” .

(There should be a pullback here, but never mind.)
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“x2 ḡkl∂k∂lgij = Bij (g , ∂g)” .

I Imposing the conformal metric h at infinity basically means the singular
boundary value condition:

“x2 gij |x=0 = hij ” .

(There should be a pullback here, but never mind.)



Which kind of mathematics is involved? (Some fast and dirty PDEs)

I Using DeTurck’s trick to fix the invariance under diffeomorphisms, the
Einstein equation is roughly a quasilinear equation:

gkl∂k∂lgij = Bij (g , ∂g) .

Warning: the coefficients are singular at x = 0:
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So what’s the big deal with the Lorentzian problem?

I Riemannian signature ⇐⇒ elliptic equations:

I Equation is quasilinear, but one can handle even fully nonlinear equations.
I Elliptic equations regularize.
I There are maximum principles.
I Weighted estimates in Hölder/Sobolev spaces for Fredholm operators:

‖f ‖Hk
δ

:= ‖xδf ‖Hk , ‖f ‖
C

k,α
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The “linearized operator” is a Fredholm map Hk
δ → Hk−2
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δ of
index 0 for a suitable choice of the weight exponent δ.

Hence we have an “inverse function theorem” that allows us to “solve for g” the
equation provided that the difference h − h0 is “small”.
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I Elliptic equations regularize.
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I Weighted estimates in Hölder/Sobolev spaces for Fredholm operators:
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I Lorentzian signature ⇐⇒ hyperbolic equations:
I Equation is quasilinear, which is as bad as we can hope to tackle.
I No increase of regularity (but there are dispersive effects).
I No maximum principles.
I No Fredholm operators.
I Weighted energy estimates in Sobolev spaces won’t easily do the trick in an

AdS geometry
I AdS geometries are not globally hyperbolic because timelike geodesics (and

therefore the “Cauchy data” as propagated by hyperbolic equations) get to
infinity in finite time. This makes wave propagation a tricky business.

I The singularities in x are critical and imposing boundary conditions in the
Einstein equations is remarkably tricky.



Dumbing things down: Riemannian toy models

In the Riemanian case, we look at scalar equations of the form

g ij∂i∂jφ = F (φ, ∂φ) ,

where g is “asymptotically hyperbolic” at infinity (“at x = 0”).
(also called ‘asymptotically compact”)

I Basic model: harmonic functions in hyperbolic space:

∆Hn+1φ = 0 , φ|∂Hn+1 = f .

There is an explicit formula (the Poisson kernel).
I Harmonic functions in more general spaces, such as any open, simply

connected manifold with −a 6 K 6 −b (Anderson and Sullivan 1983).
I Proof: Curvature yields sub- and supersolutions; convergence using Harnack

inequalities.
I The equation

∆φ− µφ = F (φ, ∂φ)

with a “general” nonlinearity for asymptotically hyperbolic spaces behaves
roughly as the Einstein equation (Graham & Lee 1990). The boundary
condition is

xδφ|x=0 = f , with δ = δ(µ).
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Holography for the nonlinear scalar models

I Setting: an asymptotically AdS Lorentzian (n + 1)-manifold (M, g) with
boundary defining function x .

I Nonlinear Klein–Gordon equation: �φ+ µφ = F (φ,∇φ), where
�φ := −g ij∇i∇jφ is the wave operator.

I Boundary condition: .

I Initial conditions: φ|t=0 = φ0 and ∂tφ|t=0 = φ1.

Theorem (E. & Kamran, 2012)

For the optimal range of parameters µ > − n2

4 , smooth enough boundary and
initial conditions and “a nonlinearity that falls off fast enough at x = 0”, the
problem is locally well posed “with suitable energy estimates”.

Can we extend the arguments to cover the Einstein equation?
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Holography for the Einstein equations

I Setting: the Einstein equations on R× Bn: Rµν + ( 1
2R + n)gµν = 0.

I Boundary condition: j∗(x
2g) = h, where h is a metric on R× Sn−2 close to

−dt2 + gSn−2 and j∗ is the pullback to the boundary).
I Initial conditions: g |t=0 = g0 and ∂tg |t=0 = g1 (compatible).

Theorem (E. & Kamran, 2014 — holographic principle for Einstein)

If g0, g1, h differ a most by a small constant δ from the data of AdSn+1 (measured
in a suitable norm), there is an Einstein metric on (−T ,T )× Bn “close” to
AdSn+1 with the above initial and boundary conditions, which satisfies “suitable
estimates”:

‖ḡ − ḡ0‖C n−2((−T ,T )×Bn) 6 C δ .

I In dimension 4 and with C∞ data, due to Friedrich using conformal geometry
(for all time, large data and smooth up to the boundary?).

I The method of proof is robust and one can add another field into the picture
with little additional trouble.

I Compatibility: a particular case is h = h0 for t 6 0 and trivial (g0, g1).
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I Compatibility: a particular case is h = h0 for t 6 0 and trivial (g0, g1).
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Three main difficulties to conquer

1. Effect of singular coefficients on the scalar estimates: There are terms that
become unbounded at x = 0. To fix the problem, we use weights and twisted
derivatives, and this requires to develop a functional framework adapted to
the geometry.

2. The system of PDEs is not quasidiagonal: although the Einstein equation is
of the form (after gauge-fixing)

�g gµν + l.o.t. = 0 ,

here we must consider not only the terms with second-order derivatives but
also the critically singular terms. Hence the system is no longer quasidiagonal,
for all practical purposes we must deal with equations of the form:

�ḡ ḡµν +
1

x
Aλρµν ∂x ḡλρ +

1

x2
A′µν

λρ ḡλρ + l.o.t. = 0

3. Boundary conditions are hard to impose for the Einstein equations. Let
g =: glarge + gsmall . The large part includes the boundary conditions and is
obtained by “peeling off” layers of the metric in an algebraic way. This part
behaves well under Wick rotation. The small part is obtained using analysis
and behaves badly under Wick rotation.
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Three steps to the proof

Step 1: the hyperbolic equations. We pass from the Einstein equations to a
hyperbolic system

Q(g) = 0

through a variant of the DeTurck trick (which generalizes the harmonic coordinate
method.)

Step 2: Peeling off the metric. For all l there is an asymptotically AdS metric
γl such that:

I BCs: j∗(γ̄l ) = h.

I Makes Q small: Q(γj ) = Ol+2(x l−1−ε).

I Is close to AdS: ‖γ̄l − ḡ0‖C n−3 < Cδ if ‖h − h0‖C p < δ.

Step 3: Setting an iteration. We write g =: γl + x
n
2 u, with x

n
2 u “small at

x = 0”, and prove that one can take u such that Q(g) = 0 is l is large enough.
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Twisted Sobolev spaces adapted to the AdS geometry

I Rescaled function u := x
n
2φ, with boundary condition “xαu|x=0 = f ”.

I In naive coordinates (x , t, θ), the natural Sobolev space Hk is obtained by
integrating derivatives defined by ∂x and ∂θ against the measure x dx dθ.

I Instead, we use “geometric” Sobolev spaces Hk
α defined by ∂θ, the twisted

derivative
Dx := ∂x +

α

x
,

and its adjoint D∗x (which only act alternatively) with respect to the measure
x dx dθ. For k = 1, 2, introduced by Warnick. (Notice α depends on the
“mass” parameter µ.)

I To take care of the vectorial nature of the equation, other slightly weaker
spaces Hk,r

α and Hk,r , and relations among them.



Thank you very much for your attention!


