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Outline 

• Recovering dynamical networks 
– Granger causality and information theory 

– Redundancy and synergy 

• Identifying information subgraphs 
– Mutual and conditional information 

– Expansion of the transfer entropy 

– Applications 

• Economics of information transfer 
– Models 

– Applications 

• Novel methodologies, further applications 
 



Network inference from temporally 
correlated data 

Correlations 

Coherence 

Phase synchronization 

Generalized 
synchronization 

Mutual information 

Transfer entropy 

Granger causality 
 



Predicting the future of a time series 
Using only its past… 

… or including the past of another time series 

𝑥 = 𝐴𝑋 + 𝜀𝑋 

𝑥 = 𝐵[𝑋 𝑌] + 𝜀𝑋,𝑌 

𝜀𝑋,𝑌 < 𝜀𝑋   → Y Granger-causes X 



Regression and Markov property 

The minimizer of the risk 
functional 𝑅 𝑓 =   𝑑𝑋𝑑𝑥 𝑥 − 𝑓 𝑋

2
𝑝(𝑋, 𝑥)  

represents the best estimate of x given X, and 
corresponds to the regression function  

𝑓∗ =  𝑑𝑥𝑝 𝑥 𝑋 𝑥  

Consider now another, uncorrelated, variable Y 

The best estimate of x, given X and 
Y, is now 

𝑔∗ =  𝑑𝑥𝑝 𝑥 𝑋, 𝑌 𝑥  

𝑝 𝑥 𝑋 = 𝑝(𝑥|𝑋, 𝑌) ⟹ 𝑓∗= 𝑔∗ 
and the knowledge of Y does not 
improve the knowledge of x 

For the linear AR model, R[f] is to be found among all the linear 
functions 



Transfer entropy and Markov property 

),|()|( YXxPXxP 

Absence of Granger causality: generalized Markov property 

Transfer entropy (Schreiber 2000) 

Measuring the violation of the generalized Markov property: 
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Transfer entropy and regression 
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Granger causality and Transfer Entropy 

GC and TE are equivalent for Gaussianly distributed variables and 
other quasi-Gaussian distribution (Barnett et al. 2009, Hlavackova 
2011, Barnett and Bossomaier 2012) 

In this case they both measure information transfer 

• Unified approach 
• Mathematically more treatable 
• You make heavy assumptions and you could lose important features 
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Granger causality and Transfer Entropy 

GC and TE are equivalent for Gaussianly distributed variables and 
other quasi-Gaussian distribution (Barnett et al. 2009, Hlavackova 
2011, Barnett and Bossomaier 2012) 

In this case they both measure information transfer 

• Unified approach 
• Mathematically more treatable 
• You make heavy assumptions and you could lose important features 

Establishment of a  general framework for GC and TE, 
which computations that can be both exact and 
approximate  



GC in multivariate datasets 

This problem has been known from the start, and the solution is 
usually the conditioned approach (Geweke 1982) 

We must condition GC to the presence of other variables 



Full conditioning in multivariate dataset 

We compare the model including … 



Full conditioning in multivariate dataset 

… and excluding the conditioning variable 



Presence of redundancy 
When a number of variables share the same info on 
the target … 



Presence of redundancy 

… in the model we still have info on the target 

and the conditioning variable and all those 
correlated with it will be regarded as not relevant  



Redundancy and information theory 
The information theoretic treatments of groups of correlated degrees 
of freedom can reveal their functional roles in complex systems 

synergy: B contributes to A with more info than the sum of the 
info provided by its components 
redundancy: B contributes to A with less info than the sum of 
the info  provided by its components 

Suppose influence from group of variables A to group of variables B 

Correct estimation of conditional causal influences 
Reduction of dimensionality 
Identification of network motifs 

Applications 

Regions B and C both send information to A… 

… but what about the joint influence of B and C on A? 



Network motifs 

• Characteristic building blocks (Milo 2002) 

• Connected subgraphs occurring more 
frequently than in random networks 

• Transcription networks, signal transduction 
networks 

• Brain networks: small set of structural motifs, 
large number of functional motifs (Sporns, 
Kötter, Bullmore) 



Mining informational motifs from data 

• Possible strategy: Transfer entropy -> Graph -> 
motifs 

• Problem: presence of redundancy 

• Multiplets of variables, constituting 
informational circuits, must be sought directly 
from time series 



Mining informational motifs from data 

• Formal expansion of the transfer entropy to 
detect irreducible sets of variables which provide 
information for the future state of each assigned 
target 

• Multiplets characterized by a large contribution 
to the expansion are associated to informational 
circuits present in the system, with an  
informational character (synergetic or redundant) 
which can be associated to the sign of the 
contribution 



Redundancy in the framework of 
information theory 

Entropy 

Joint entropy 

Mutual information 

𝐻 𝑥 = −  𝑝 𝑥 log(𝑝 𝑥 )𝑑𝑥 

𝐻 𝑥, 𝑦 = −  𝑝 𝑥, 𝑦 log(𝑝 𝑥, 𝑦 )𝑑𝑥 𝑑𝑦 

𝐼 𝑥, 𝑦 = 𝐻 𝑥 + 𝐻 𝑦 − 𝐻(𝑥, 𝑦) 

Conditional entropy 𝐻 𝑥|𝑦 = −  𝑝 𝑥|𝑦 log(𝑝 𝑥|𝑦 )𝑑𝑥 

I(x,y) H(x|y) H(x|y) 

H(x) H(y) 

H(x,y) 



Redundancy in the framework of 
information theory 

Conditional mutual 
information 

𝐼 𝑥; 𝑦 𝑧 =   𝑝(𝑥, 𝑦, 𝑧) log
𝑝(𝑥, 𝑦|𝑧)

𝑝 𝑥 𝑧 𝑝(𝑥|𝑧)
𝑑𝑥𝑑𝑦𝑑𝑧 

Interaction 
information 

R(x,y,z) = I(x;y)−I(x;y|z) = I(x;z) + I(y;z) – I(x,y;z)  
 

R describes the informational character of triplets of variables, and 
is invariant under permutation 

Markov chains 
𝑋 ⟶ 𝑌 ⟶ 𝑍 ⟹ 𝑅(𝑋, 𝑌, 𝑍) ≥ 0 
𝑋 ⟵ 𝑍 ⟶ 𝑌 ⟹ 𝑅 𝑋, 𝑌, 𝑍 > 0 

Data processing 
inequality  

𝑋 ↔ 𝑌 ⟶ 𝑍 ⟹ 𝐼(𝑋; 𝑍) ≤ min [𝐼 𝑋; 𝑌 , 𝐼 𝑌; 𝑍 ] 

Post processing cannot increase information 



Expanding the uncertainty 

Bettencourt et al. 2008 



Statistical dependencies at equal times 



Conditioning to the past of the target 



First terms of the expansion 

Marinazzo et al, PRE 2012 



Important properties 

• Symmetrical under permutation of the variables 

• Independence among any of the Y results in 
vanishing contribution 

• Each nonvanishing term provides an irreducible 
set of variables which send information to the 
target variable 

• The sign of the contribution is related to the 
informational character: positive for redundancy, 
negative for synergy 



Resting state EEG: instantaneous, lagged and random 

Resting state fMRI: instantaneous, lagged and random 



Complete expansion 



Resting state EEG: instantaneous vs lagged 



Redundancy and synergy reveal 
patterns of seizure spreading… 



Redundancy and synergy reveal 
patterns of seizure spreading… 



… and are related to the level of 
consciousness 

Average red-syn duplet 
contributions 

Transfer Entropy 

Marinazzo et al., Clin EEG Neurosci, in press 



Economics of information transfer 

• Each node of a network can only handle a limited 
amount of information 

• Hub nodes and peripheral nodes will deal with 
information in a different way 

• When the amount of a variable resource is increased, 
while other resources are kept fixed, the resulting 
change in the output will eventually diminish 

• A signature of this principle is a wider distribution of 
outgoing information wrt to ingoing information 
 

• How does this depend on network structure? 
• Do we find it in brain networks? 



Model 1: threshold-based 



Parameters of interest 



Threshold model 

θ 
θ 



Model 2: diluted Ising model for large 
network approximation 



Results can be extended to larger 
networks 



EEG at rest 

Marinazzo et al., PLOS One 2012 



EEG at rest in disorders of consciousness 

Marinazzo et al., Clin EEG Neurosci, in press 



Dynamical model on connectome 

ijij AJ 
TE 

C=total TE 
χ 
R 

Marinazzo et al., PRE in press 

Ising model 

66 and 989 nodes 



Advances for (fMRI) connectivity 

• Many variables, few samples 

 

 

• Confounding HRF effect 

 

 

• Bad temporal resolution 



Partially conditioned Granger causality 
• Redundancy in multivariate datasets leads to false GC estimations 
• Conditioning on the most informative variables for each candidate 

driver 

Wu et al. Brain Connectivity 2013 

Residual information gain 
Most informative regions consistently 
distributed across the brain 



From regional to voxel level 

Wu et al. PLOS One 2013 

The modular structure of brain networks can as a prior for further dimensionality reduction 

Reconstruction of voxel-wise directed networks: hubs for outgoing and incoming information 



Point processes in BOLD signal 
Peak events in BOLD time 
series can be considered as 
neural pseudoevents. 
 
Delay from event to BOLD peak 
by error minimization 
 
HRF reconstructed as 
canonical, FIR, or rbeta 

Map HRF parameters across the brain 

Wu et al. Medical Image Analysis 2013 



Decreased variance of 
results with  
PCGC + deconvolution 

Distribution of delays between neural onset and bold peak 

Wu et al. Medical Image Analysis 2013 



HRF shape as a marker of brain function 

Eyes closed, then open, then closed again 



HRF shape as a marker of brain function 

Propofol anesthesia 
Wake -> Mild sedation -> Deep sedation -> Recovery of consciousness 



Connectivity from point processes 

Nucleus accumbens-pain matrix: correlation in controls, lagged influence in chronic back pain 

Probability of an event in the target region after an event in the driver 
region 
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