
10/15/2013

1

On the origins of the coalescentOn the origins of the coalescent

Warren J Ewens

Departments of Biology and Statistics

The University of Pennsylvania



10/15/2013

2



10/15/2013

3

The great work of Fisher, Wright, Haldane , Kimura and others was 

prospective, that is looked forward in time. This was natural – that is 

the direction of evolution.

These days most research work in population genetics is 

retrospective, that is looks backward in time.

The topic of this conference illustrates this.

So – when did “looking backward in time” begin? 
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Where does it start? Maybe with Malécot, circa 1948. 

The first example of “looking backward in time”.

What is the probability Ft that in generation t two genes 

at a given locus are of the same allelic type? (Assume 

the infinitely many alleles Wright-Fisher model.)

He compared the situation “now” with that in the 

previous generation.

Ft = (1-u)2[1/(2N) + {(2N-1)/(2N)}Ft-1].
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At equilibrium Ft-1 = Ft = F, so that, exactly, 

F = (1-u)2[1/(2N) + {(2N-1)/(2N)}F.

This gives the well-known F ≈ (1+θ)-1,  θ = 4Nu.

Malécot was ahead of his time here for two reasons.

(i) Looking backward in time. 

(ii) Considering the infinitely-many-alleles model.
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It is interesting that no-one thought to use similar simple 
difference equation methods to find the probability that 

three, four, … genes at a given locus are of the same 

allelic type.    

Why was this?

(1) The  main interest was in diploids and the question of 
homozygosity. Thus only two genes were of interest.

(2) No-one was yet thinking of getting samples of many genes.

Move forward to the 1960’s and the data available at that time.
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The late 1960’s 

Two main things:-

1. Data (mainly electrophoretic).

2. The neutral theory (Kimura).
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These were not unrelated. Electrophoretic data revealed much 

more genetic variation in natural populations than had 

previously been suspected. The neutral theory arose from this 

– it was felt (on the basis of genetic load arguments) that this 

variation could not be maintained by selective forces, so that 

much of it must relate to selectively neutral alleles.

Before discussing this further, let us look at the assumptions in 

the electrophoretic (charge-state) model.
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The charge-state electrophoretic model

__|___|___|___|___|____|____|____

Any offspring gene inherits the charge level (j) of its 

parent with probability 1 – 2u, has charge level j-1 

with probability u, and charge level j+1 also with 

probability u. 

We can assume any evolutionary model (e.g. Wright-

Fisher. Independent picks of parent genes).
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What are some of the  population properties of this 
model (under the neutral theory)?

What is the neutral stationary probability distribution of 
the “centralized” vector of frequencies?

What is the neutral probability that the occupied charge 
states are all adjacent (i.e. no gaps)?

What is the neural mean number of different occupied 
charge states (i.e. number of “alleles”)?

A pretty neutral theory result: (Kimura and Ohta): 

P(two genes have the same charge level) = )21/(1 θ+
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These are very difficult questions.

What about sample properties? (Even more difficult.)

I met Kingman in 1974. I asked him about some of these 

questions.

He gave some answers, but the main thing is that 

considering these questions led him (I believe) to think 

about the most recent common ancestor of the genes in a 

population – hence the idea of the coalescent.
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But why spend time on this charge-state model? It will 

surely be outdated when more specific information is 

available about the gene (e.g. its DNA sequence). What 

about the infinitely-many alleles model?

What would the allele frequency distribution look like in a 

sample of genes, under the neutral theory and assuming the 

infinitely-many alleles model?

Wright thought that neutrality would imply approximately 

equal allelic frequencies at any gene locus.

This is the least likely situation under neutrality!
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I was able to find this distribution, named by Kingman the “Ewens 

sampling formula”.
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Watterson (1975) noticed that Kingman’s Poisson-Dirichlet 

distribution (found as a limit from the Dirichlet in the limit of an 

infinite number of types) is relevant to the infinitely many alleles 

model. This was a major step forward.

So Watterson and I encouraged Kingman to think about the 

infinitely-many alleles model, not the charge-state model. 

Kingman did this and was soon able to obtain some remarkable 

results.
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Kingman first showed that the ESF arises as the distribution 

of the allele frequencies in a sample from the Poisson-

Dirichlet. Then he proved a converse result.

He then started by thinking about sampling properties by 

considering the relation between samples of size n and 

samples of size n+1. (more on the “backward in time” 

relevance of this later.)
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The partition structure property

Suppose that the allelic partition probability of a sample of

n+1 genes has some mathematical form Pn+1(a1, a2, …).

Suppose that we require that if one of this sample of n+1

genes is accidently lost, then the allelic partition probability

of this sample is to be the same mathematical form as that of

an sample of n +1 genes, but with n+1 replaced by n.

(Sample size consistency.)
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The Ewens sampling formula has this property (Kingman).

Kingman then asked: “What is the requirement for any sampling

formula to have the partition structure property?” (de Finetti-like

requirement.)

This has led to a big literature on partition structures and

probability distributions on partitions (of the integer n).
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The partition structure, or “sample size consistency”,

requirement leads to a focus on the sub-sample of m genes.

The smart approach is to think of this sub-sample from another

point of view. Instead of thinking of an original sample of n+1

genes and sampling n of them at random without replacement,

we will think of the sub-sample of n genes as the n “ancestor”

genes of the n +1 genes, taken at a time when the n +1 genes

do in fact have exactly n ancestor genes.

So this is one way of starting to think about the coalescent.

I believe that Kingman started to think “backwards in time”

seriously in that way.
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Many  other “looking backward in time” things were being 

considered circa 1975-7, somewhat loosely connected.

Conditional processes.  Consider the simple two-allele Wright-Fisher 

model with no selection. A single mutant “a” arises in an otherwise 

fixed “AA” population.  Conditional on the event that “a” becomes 

fixed in the population, what is the mean number of generations for 

this to happen? (Answer: 4N - 2.)

Thus in a selectively neutral population, an allele fixed in the 

population probably arose by mutation “a long time ago”.  
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As well-known, many very pretty “age” and “time” results 

arise in the infinitely-many-alleles model, often found by 

time-reversibility arguments. 

The main vehicles for finding these results are the GEM 

distribution, size-biased sampling concepts, conditional 

processes and time-reversibility. My favorite:-

Mean age of oldest allele =                        generations.

(When θ = 2 this gives 4N-2. This has an interesting 

connection with the “non-mutation” conditional mean time for 

fixation result for the two-allele model.)
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Kn is the number of segregating sites in a sample of n gametes

(no recombination allowed).

Kn = Y1 + Y2 + ……. 

Yj is the number of new mutations to arise in the ancestors of the 

sample during the generations where there were j+1 distinct 

ancestor [gametes] present. 

Yj has a geometric distribution, mean θ/j.

Watterson also discussed the number of generations which have 

elapsed since the i gametes can be traced back to a common 

ancestor.

So … coalescent ideas again. But they were not developed.

Note that this is a result of the infinitely many sites model.
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All this was happening circa 1975-7. So why didn’t  anyone 

think of the coalescent until Kingman produced his work on 

this in 1982?

For Watterson and myself, interest focused questions about 

the reason for the observed genetic variation in a population. 

(The neutral theory was still the topic of the day. Did the 

observed variation support the neutral theory? We focused on 

that.) 

For Kingman interest focused on properties of partition 

structures.    But these properties were, I believe, leading him 

to a consideration of  “backward in time” questions, via the 

“n+1” and “n” argument, and thus to the coalescent.



10/15/2013

26

So “thinking backward in time” formed part of our three-way 

correspondence. This went on for six or seven years. 

And then came the “aha” moment in about 1981, from Kingman.

“I have the full picture. I have this idea of a coalescent. I can easily 

derive the ESF (and a lot more) from coalescent arguments”.
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Final thought.

The coalescent led to a major change in the way in which population 

genetics research is done.

The basic structure is due to the great mathematician John Kingman.

He is therefore owed a great debt for his work.


