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Categories of Financial risk: Credit risk, Concentration risk, Market risk, Interest
rate risk, Currency risk, Equity risk, Commodity risk, Liquidity risk, Refinancing
risk, Operational risk, Legal risk, Political risk, Reputational risk, Volatility risk,
Settlement risk, Profit risk, Systemic risk.
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Default Risk, Credit risk: The event in which companies or individuals will be
unable to make the required payments on their debt obligations. Lenders and
investors are exposed to default risk in virtually all forms of credit extensions.
The loss may be complete or partial and can arise in a number of circumstances.
For example:
• A consumer may fail to make a payment due on a mortgage loan, credit card, line
of credit, or other loan
• A business or consumer does not pay a trade invoice when due
• A business does not pay an employee’s earned wages when due
• A business or government bond issuer does not make a payment on a coupon or
principal payment when due
• An insolvent insurance company does not pay a policy obligation

http://www.investopedia.com and Wikipedia
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Measuring the risk: a Modern Approach J. Hilscher, R. A. Jarrow, and D. R.
van Deventer (2008)

• In structural models, the default is triggered when the firm value reaches a
predetermined level. The firm’s probability of default depends primarily on two
factors:
the size of the firm’s asset value relative to the face value of debt if the debt/equity
ratio is very high, default is likely;
and how volatile the firm’s asset value is
• The idea of the reduced-form approach is straightforward; corporate default
may be triggered by many different factors, and default may happen at any point in
time. The reduced-form probability of default is calculated using all available
information at a given point in time. An advantage of the reduced-form approach is
that it can be used to estimate the probability of default not only over the next
month but over any period of time; the next year or even the next five years.
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The common tool is the Probability of default (PD), i.e., the likelihood of a
default over a particular time horizon. It provides an estimate of the likelihood that
a client of a financial institution will be unable to meet its debt obligations.

PD is a key parameter used in the calculation of economic capital or regulatory
capital under Basel II for a banking institution.
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To date, the most successful use of credit spread data that we are aware of has been
in the cross-sectional estimation of credit spread curves. These curves describe the
typical market spread for a given level of credit quality. These data can be
combined with a structural model to estimate expected recovery in the event of
default. In this way, both modeling approaches can be used to produce better
credit analysis tools. Cross-sectional in this context means combining data from
many different firms and issues.

Moody’s KMV
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In the literature on Credit Risk approach, in the reduced form approach, the
intensity rate has a great importance, and many models are based on the
knowledge of this process. In mathematical terms, the intensity process Λ (which
always exists) is unique predictable increasing process such that

Mt := Ht − Λt

is a martingale, where Ht = 11τ≤t. The process Λ is flat after τ , so that Λt = Λt∧τ .

The intensity rate, if it exists, is the positive adapted process λ such that

Λt =
∫ t

0

λsds

The intensity rate has the nice following interpretation:

λtdt = P(τ ∈ [t, t + dt[ | information at time t, τ > t)

The converse is true under some regularity conditions (Aven lemma).
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Choice of information

The smallest filtration which can be used is the natural filtration of the process H,
denoted H, but a larger filtration can be used, if one takes into account some
random environment (e.g., the information relative to some prices). It is primordial
to note that the intensity depends on the choice of that filtration.

Rôle of intensity

In many models, prices of defaultable claims depend only of the intensity. Our goal
is to show that other important quantities are involved in the modeling of default.
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Structural Models

Structural Models

In structural models, the default time is defined as

τ = inf{t : Xt ≤ a}

where X is a process (the value of the firm) and a a constant barrier.

If X is continuous, the intensity process in the filtration FX ∨H = FX is Ht:
indeed Mt := Ht −Ht is a martingale in any filtration larger than H (obvious) and
Ht = 11τ≤t is an FX predictable process, the time τ being announced by the
sequence of FX random times τn defined as

τn = inf{t : Xt ≤ a +
1
n
}

As a consequence, the intensity rate does not exist. This can be also obtained using
the fact that, if the intensity process is continuous, then τ is a totally inaccessible
stopping time which is not the case here
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Structural Models

The predictability of defaults makes the models generate short-term credit spreads
close to zero. In contrast, it is observed in the market that even short-term credit
spreads are bounded from below, incorporating the possibility of an unexpected
default or deterioration in the firm’s credit quality
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Structural Models

If the process X is not continuous, the intensity rate exists only if τ is totally
inaccessible.

In the case of Lévy processes with finite Lévy measure, if

τ = inf{t : Xt ≤ a}

is totally inaccessible, its FX -intensity is simply
∫ t∧τ

0

ds

∫ ∞

a

ν(dy −Xs)

where ν is the Lévy measure.
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Reduced form approach: Basic Model

Reduced form approach: Basic Model

Assume that a reference filtration F is given, as well as a positive F-adapted process
λ, and let G = F ∨H. We define

τ = inf{t : Λt :=
∫ t

0

λsds ≥ Θ}

where Θ is a random variable, independent from F∞ with an exponential law.
Then,

P(τ > u|Ft) = e−Λu , t > u

and (λt, t ≥ 0) is the F intensity rate of τ : the process

11τ≤t −
∫ t∧τ

0

λsds = 11τ≤t −
∫ t

0

λs(1−Hs)ds = 11τ≤t −
∫ t

0

λGs ds

is a G-martingale. Here λGt = 11t<τλt is G adapted and is called the G-intensity
rate.
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Reduced form approach: Basic Model

In that case P(τ > t|Ft) = exp
(
− ∫ t

0
λsds

)
= exp (−Λt) and, for X ∈ FT

E(X11{T<τ}|Gt) = 11{t<τ}
1

e−Λt
E(Xe−ΛT |Ft)

Note that, if the space where is living λ is given, one needs to enlarge this space to
construct Θ, hence τ .
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Reduced form approach: Basic Model

Extension of the Basic Model

Let Γ be an F adapted increasing process and τ = inf{t : Γt ≥ Θ} where Θ is a
random variable, independent from F∞ with an exponential law. Then
P(τ > t|Ft) = exp(−Γt) and

E(ζ11{T<τ}|Gt) = 11{t<τ}
1

e−Γt
E(ζe−ΓT |Ft)

however, in the case where Γ is not predictable, Γ is not the intensity process.

Example: take Γt = Xt where X is a compound Poisson process with increasing
paths

Xt =
Nt∑

n=1

Yi, Yi > 0

and define ψ as E(e−αXt) = e−tψ(α). Then, the intensity rate of τ is simply ψ(1).
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Reduced form approach: Basic Model

Another Extension of the Basic Model

Assume that Θ is correlated with the continuous filtration F and let
FΘ

t (s) = P(Θ ≤ s|Ft), be the conditional law of Θ given Ft. Then the conditional
default probability is

Ft(s) := P(τ ≤ s|Ft) = P(Θ ≤ Λs|Ft) =





FΘ
t (Λs) s ≤ t;

E(FΘ
s (Λs)|Ft) s > t

where Λs =
∫ s

0
λudu. In this generalized model, the process λ is no longer the F

intensity rate. If the conditional law of Θ admits a density FΘ
t (s) =

∫ s

0
fΘ

t (u)du,
the default time τ admits a conditional density pt(u)du = P(τ ∈ du|Ft) given by

pt(u) = λufΘ
t (Λu), u ≤ t

The F intensity rate of τ is given by

λFt =
pt(t)
Gt

= λt
fΘ

t (Λt)
1− FΘ

t (Λt)
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Computation of the Intensity

Computation of the Intensity

Assuming that a reference filtration F is given, and setting G = F ∨H, the
computation of the F-intensity process Λ (meaning that Ht − Λt∧τ is a G
martingale,where Λ is F adapted) ) is obtained from the Doob-Meyer decomposition
of the survival process (a super-martingale) Zt := P(τ > t|Ft) = µt −At where µ is
an F-martingale and A an F-predictable increasing process:

Λt =
∫ t

0

dAs

Zs−
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Computation of the Intensity

In the general case, Z admits a multiplicative decomposition

Zt = Nte
−Γt

where N is an F-local martingale and Γ is an F-predictable increasing process. It
follows that Γ is the F intensity of τ . Indeed, (in the continuous case) the
Doob-Meyer decomposition of Z is (integration by parts formula)

dZt = e−ΓtdNt︸ ︷︷ ︸
mart

− e−ΓtNtdΓt︸ ︷︷ ︸
pred.inc.

so that dΛt = e−ΓtNt dΓt

e−ΓtNt
= dΓt
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Computation of the Intensity

Particular case: density process approach

Assume that there exists a family p(u) such that, for all t, u,

P(τ ∈ du|Ft) = pt(u)du

Then, p(u) is a family of strictly positive martingales.

In that case, the increasing predictable part of Z is dAt = pt(t)dt.

It is useful to note that, under the density hypothesis, if the density is strictly
positive, there exists a change of probability making τ and F∞ independent.
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Computation of the Intensity

Immersion property

Immersion property is equivalent to

∀t > u, P(τ > u|Ft) = P(τ > u|Fu) = P(τ > u|F∞)

and, in the case of density, to ∀t > u, pt(u) = pu(u). One of the important
consequence is that, in that case, the intensity allows to determine all the
conditional probability. Indeed, one has (at least in a continuous filtration
framework) Gt = P(τ > t|Ft) = e−Λt and the intensity is

λt =
pt(t)
Gt

= pt(t) exp(
∫ t

0

λsds)

so that pt(t) is determined, as well as ps(t) = pt(t) for s > t and ps(t) = E(pt(t)|Fs)
for s < t. It corresponds to some conditional independence (doubly stochastic
models). The ”no immersion ” case is important in particular for ”what happens
after default”.
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Computation of the Intensity

Shrinkage

Let F̃ ⊂ F and G̃t = F̃t ∨Ht.

From
Ft = P(τ ≤ t|Ft)

we deduce
F̃t = P(τ ≤ t|F̃t) = E(Ft|F̃t)

The computation of the intensity rate follows: if Ht −
∫ t∧τ

0
λFsds is a G martingale,

the F̃- intensity rate in the restricted filtration is not the conditional expectation of
the F-intensity, but

λF̃t = E(λFt 11τ>t|F̃t)
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Computation of the Intensity

Examples: Partial information

In a structural model, if the reference filtration F is the trivial filtration (i.e.
G = H), and if the law of the random time τ admits a density f , the F intensity
rate is equal to f(t)

1−F (t) where F is the cumulative distribution function of τ .

Indeed, the conditional survival probability is here deterministic, and its
Doob-Meyer decomposition is

P(τ > t) = 1︸︷︷︸
mart.

− F (t)︸︷︷︸
pred.inc.
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Computation of the Intensity

Information at discrete times

Assume that
dVt = Vt(µdt + σdWt), V0 = v

i.e., Vt = veσ(Wt+νt) = veσXt . The default time is assumed to be the first hitting
time of α with α < v, i.e.,

τ = inf{t : Vt ≤ α} = inf{t : Xt ≤ a}

where a = σ−1 ln(α/v).
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Computation of the Intensity

Here, F is the filtration of the observations of V at discrete times t1, · · · tn where
tn ≤ t < tn+1, i.e.,

Ft = σ(Vt1 , · · · , Vtn , ti ≤ t)

The process Ft = P (τ ≤ t|Ft) is continuous and increasing in [ti, ti+1[ but is
not increasing.

The Doob-Meyer decomposition of F is

Ft = ζt + (Ft − ζt),

where
ζt =

∑

i,ti≤t

∆Fti

is an F-martingale and Ft − ζt is a predictable increasing process.
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Computation of the Intensity

From
P (inf

s≤t
Xs > z) = Φ(ν, t, z) ,

where

Φ(ν, t, z) = N
(

νt− z√
t

)
− e2νzN

(
z + νt√

t

)
, for z < 0, t > 0,

= 0, for z ≥ 0, t ≥ 0,

Φ(ν, 0, z) = 1, for z < 0

we obtain (we skip the parameter ν in the definition of Φ) for t1 < t < t2 and
Xt1 > a

Ft = 1− Φ(t− t1, a−Xt1)
[
1− exp

(
−2 a

t1
(a−Xt1)

)]
.

The case Xt1 ≤ a corresponds to default: for Xt1 ≤ a, Ft = 1.
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Computation of the Intensity

Delayed information

Guo et al. study a structural model with delayed information. Let

Xt = x +
∫ t

0

µ(Xs)ds +
∫ t

0

σ(Xs)dWs

We denote by F the natural augmentation of the filtration generated by X, and by
τ the F-predictable stopping time defined by

τ = inf{t > 0, Xt ≤ b},

If δ > 0, introduce, for t > δ the σ -algebra F̃t = Ft−δ ⊂ Ft, and for 0 < t < δ, F̃t is
equal to the trivial σ-algebra. We set G̃t = F̃t ∨Ht.

Z̃t = 11infs≤t−δ Xs>bΦ(Xt−δ, δ, b) = KtΦ(Yt, δ, b)

where Kt = 11infs≤t−δ Xs>b, Yt = Xt−δ and Φ(x, u, y) = Px(infs≤u Xs > y).

dZ̃t = Kt∂1Φ(Yt, δ, b)dYt +
1
2
Kt∂1,1Φ(Yt, δ, b)d 〈Y 〉t .
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Computation of the Intensity

λ̃t = −Kt
∂1Φ(Yt, δ, b)µ(Yt) + ∂11Φ(Yt, δ, b)σ2 (Yt) /2

Φ(Yt, δ, b)
= −Ktf(Yt, δ, b)/Φ(Yt, δ, b),

where f(x, b, t) = Px(τb ∈]t, t + dt])/dt
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Computation of the Intensity

Two random times with the same intensity

Here, we shall construct two random times having the same intensity (in the same
filtration)

Let W be a Brownian motion on the probability space (Ω,P) and F be its natural
filtration.

Let ϑ a random variable independent of F∞, with an exponential law of parameter
λ. Then, λ is the F-intensity rate of ϑ

Let us assume that N is an F local martingale such that Nte
−λt is valued in [0, 1].

Then, it is possible (See J-Song for details) to construct a random time τ such that

Zt := P(τ > t|Ft) = Nte
−λt

To do that, one needs to construct a candidate to be the conditional law of τ given
Ft. This can be done setting

P(τ ≤ θ|Ft) = (1− Zt) exp−
∫ t

θ

Zs

1− Zs
λ ds
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Computation of the Intensity

It remains to give an example of N which is a martingale such that Nte
−λt is

valued in [0, 1]

We set Nt = eλte−2Yt with

dYt = (Yt +
λ

2
)dt +

√
YtdWt, Y0 = 0
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Computation of the Intensity

Another construction of τ can be done so that Zt = e−λt.

Let Mu be the solution of

dMu
t = Mu

t (Mu
t − (1− e−λt))dWt, for t ≥ u

Mu
u = Zu = e−λu

Then, one can construct τ so that, for u < t, P(τ ≤ u|Ft) = Mu
t

This time τ is such that any bounded F martingale stopped at τ is a G martingale.
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Intensity versus Conditional law

Intensity versus Conditional law

As noted in Duffie, in a general model, the intensity does not allow to price
defaultable claims

Duffie establishes that, if 11τ≤t − Λt∧τ is a G martingale, then, for X ∈ GT

E(X11{T<τ}|Gt) = LtYt − E(∆Yτ11τ<T |Gt) .

where Yt = E
(
X exp

(
− ∫ T

0
λudu

)
|Gt

)
and Lt = 11{t<τ}eΛt
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Intensity versus Conditional law

A General Formula

Another formula, in the case where a reference filtration F is given, is, for X ∈ FT

E(X11{T<τ}|Gt) = 11{t<τ}
1
Zt
E(XZT |Ft)

Using the multiplicative decomposition of Z, one obtains

E(X11{T<τ}|Gt) = 11{t<τ}
1

Nte−Λt
E(XNT e−ΛT |Ft)

Open problem: find a statistical test to detect if N = 1 or not.
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Intensity versus Conditional law

In the case Nt = 1, we recover the formula in the basic example. One can think
that a change of probability, with RN density N will allow us to get rid of the
coefficient N . Unfortunately, N is not a G martingale.

However, one can do a change of probability BEFORE τ as follows:
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Intensity versus Conditional law

Assume that
P(τ ∈ du|Ft) = pt(u)du

where p(u) is a family of strictly positive martingales.

Let P∗ be defined as
dP∗|Gt = L∗t dP|Gt

where L∗ is the (P,G)-martingale defined as

L∗t = 11{t<τ} + 11{t≥τ}λτe−Λτ
Nt

pt(τ)

It can be proved that
dP∗|Ft = NtdP|Ft = NtdP|Ft

and that P∗ and P coincide on Gτ . Moreover, immersion holds true under P∗, and
the intensity of τ is the same under P and P∗. It follows that

EP(X11{T<τ}|Gt) = E∗(X11{T<τ}|Gt) = 11{t<τ}
1

e−Λt
E∗(e−ΛT X|Ft)
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Intensity versus Conditional law

Let us now study the pricing of a recovery. Let Z be an F-predictable bounded
process.

EP(Zτ11{t<τ≤T }|Gt) = 11{t<τ}
1
Gt
EP(−

∫ T

t

ZudGu|Ft)

= 11{t<τ}
1
Gt
EP(

∫ T

t

ZuNuλue−Λudu|Ft)

= E∗(Zτ11{t<τ≤T}|Gt)

= 11{t<τ}
1

e−Λt
E∗(

∫ T

t

Zuλue−Λudu|Ft)
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Intensity versus Conditional law

The problem is different for pricing a recovery paid at maturity. If both quantities
EP(X11τ<T |Gt) and E∗(X11τ<T |Gt) are the same, this would imply that immersion
holds under P.
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Intensity versus Conditional law

Hence, non-immersion property is important while evaluating recovery paid at
maturity ( P∗ and P do not coincide on F∞) or while evaluating equity derivatives.
It is also important for multi-default setting, where, in general, immersion does not
hold between the various filtrations.
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Multi-defaults

Multi-defaults

The situation is more complex in a multi-default setting, where intensities can be
computed in various filtrations.

In a first step, we can study the case where there is no reference filtration. In that
case, assuming that the joint law of the τi’s is known (the copule and the marginal
laws), one can recover all the needed quantities: intensities, prices,... Note that
here, immersion hypothesis is, in general, not satisfied between the various
filtrations, and one has to work, from the very beginning, in the filtration taking
into account the knowledge of all the past defaults.

This leads to an (important) question: what happens if two companies are pricing,
making risk evaluation, with different information?
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Multi-defaults

Again, the knowledge of the intensities does not specify the dependence of the
random time: let τi, i = 1, 2 be two independent random times, with intensities λ in
their own filtration Hi. Then, the intensities in the filtration H = H1 ∨H2 is λ.

If τ is a random time with intensity λ in its own filtration H, and set τ1 = τ2 = τ .
Then, the two random times τi have the same intensity in H = H1 ∨H2
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Multi-defaults

Example: Two defaults

We consider the toy model with two default times τi, i =, 1, 2. We denote by G the
survival probability G(t, s) = P(τ1 > t, τ2 > s) supposed to be strictly positive and
differentiable.

The intensity of τ1 in the filtration H1 is λ(t) = f(t)
G(t,0) where f is the density of τ1.

The intensity of τ1 in the filtration H1 ∨H2, taking care of the occurrence of τ2 is

λ1;2
t = 11t≤τ

−∂1G(t, t)
G(t, t)

− 11τ<t
∂1,2G(t, τ)
∂1G(t, τ)

There is no random environment here, and the knowledge of the intensities allows
to recover the survival probability.
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Multi-defaults

Ranked defaults

The counting process N , Nt =
∑n

i=1 11{σi≤t}, is an increasing càdlàg point process.
The filtration (Nt)t≥0 generated by the process N is right-continuous and is
supposed to be complete.

The intensity of the point process N is the unique predictable process Λ such that
Nt − Λt is an N -local martingale. By using the conditional distributions,
Λt =

∫ t

0
λN (du), where

λN (dt) =
n−1∑

i=0

11{σi<t≤σi+1}
P(σi+1 ∈ (t, t + dt) | Nσ(i))

P(σi+1 > t | Nσ(i))

Note that the compensator of N is the sum of compensators of all successive
default times. In particular, the compensator of σi+1 depends on its marginal
distribution conditioned on the past default events already occurred and is given on
the default scenario set {σi < t ≤ σi+1}.
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Multi-defaults

Assume now that E(f(σ)) =
∫

f(u)α(u)du. Then, the compensator admits a
unique predictable density w.r.t the Lebesgue measure, i.e. λN (dt) = λN (t)dt, and
λN (t) is called the intensity. Similarly the intensity of each default exists and we
have

λN (t) =
n−1∑

i=0

λi+1(t) =
n−1∑

i=0

11{σi≤t<σi+1}
αi+1

σ(i)
(t)

P(σi+1 > t | Nσ(i))

It is easy to verify that λi+1(t) is the intensity process of σi+1 w.r.t. the filtration
N and it equals to 0 outside the set {σi ≤ t < σi+1}. We emphasize the intensity
jump, which means a regime changing in the intensity process λN when each
default occurs and can describe the impact of a new arriving default event and the
default contagion phenomenon.

Conversely, given the intensity process λN , or equivalently the family of intensity
processes (λ1, · · · , λn), we can deduce the conditional probability law the joint
distribution of σ. However, this result is no longer valid when there exists random
environment other than the default information on the market.
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Multi-defaults

Note that, in the study of bilateral counter-party risk, the case of joint default has
to be taken into account, and density models are not used, instead, Markov Chain
setting provides a nice framework.
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Multi-defaults

Ranked defaults with reference filtration

In that case, the tool is the conditional joint law of the τi with respect to the
reference filtration, i.e.

P(τ1 > t1, . . . , τn > tn|Ft)
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Multi-defaults

Thank you for your attention

44


